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Abstract. We study the worst-case performance of the maximal match-
ing heuristic applied to the Minimum Vertex Cover and Minimum
Maximal Matching problems, through a careful analysis of tight ex-
amples. We show that the tight worst-case approximation ratio is asymp-
totic to min{2, 1/(1−√

1 − ε)} for graphs with an average degree at least
εn and to min{2, 1/ε} for graphs with a minimum degree at least εn.

1 Introduction

The maximal matching heuristic is a textbook algorithm that provides a 2-
approximation for the Minimum Vertex Cover and Minimum Maximal
Matching problems, two classical NP-hard problems [8]. It is perhaps one of
the simplest and best-known approximation algorithms. It consists in finding a
collection of disjoint edges (a matching) that is maximal (with respect to edge
inclusion) by iteratively removing adjacent vertices until no more edges are left
in the graph. Tightness of the 2-approximation is witnessed by a number of ex-
amples, for instance by the family of complete bipartite graphs in the case of
Minimum Vertex Cover. This paper addresses the question of expressing the
approximation ratio in a finer way, as a function of well-chosen graph param-
eters. We show that density parameters are good candidates for this purpose.
Actually, the approximation ratio of the maximal matching heuristic is strictly
less than 2 for graphs with a sufficiently high number of edges or sufficiently high
minimum degree. We characterize precisely the asymptotic approximation ratio
as a function of these parameters, together with tight examples. This is, to our
knowledge, the tightest analysis ever done of this algorithm. This study shows
that even simple heuristics might deserve nontrivial analyses. It was initiated
using GraPHedron, a newly developed software for the investigation of relations
between graph invariants (see [4] and [16]).

In the Minimum Vertex Cover problem, one is asked to find a minimum
cardinality set of vertices that contains at least one endpoint of each edge of
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�� Corresponding author.

L. Wang (Ed.): COCOON 2005, LNCS 3595, pp. 701–709, 2005.
c© Springer-Verlag Berlin Heidelberg 2005



702 Jean Cardinal et al.

the graph. One can easily see that the set of endpoints of a maximal matching
indeed contains at least one endpoint of each edge, and that the optimal solution
– since it must contain a least one vertex of each edge of the matching – has size
not less than half the size of this set, hence the 2-approximation.

The minimum vertex cover problem is thus 2-approximable using the max-
imal matching heuristic, but no polynomial time algorithm with constant ap-
proximation ratio better than 2 is known. The problem is further known to be
APX-complete [18] and not approximable within a factor of 7/6 [11]. Monien
and Speckenmeyer [17] and Bar-Yehuda and Even [1] provide algorithms that
achieves a ratio of (2 − (ln lnn)/ lnn), where n is the number of vertices in the
graph. Karakostas [14] later reduced the approximation ratio to 2−Θ(1/

√
log n).

For graphs with maximum degree ∆, Halperin [9] provides an aproximation al-
gorithm with a ratio of 2−(1−o(1))2 ln ln∆/ ln∆. The problem has further been
studied under the hypothesis that the input graph is dense. We say that a graph
G is weakly ε-dense if its average degree is at least εn, i.e. if m ≥ εn2/2, with
m being the number of edges in the graph, and strongly ε-dense if its minimum
degre is at least εn. It has been shown [5] that the Minimum Vertex Cover
problem restricted to strongly ε-dense graphs is APX-complete. Eremeev [7]
shows that it is NP-hard to approximate the minimum vertex cover within a ra-
tio less than (7 + ε)/(6 + 2ε) in strongly ε-dense graphs. Nagamochi and Ibaraki
([12]) provide an approximation algorithm with a ratio of 2 − 8m/(13n2 + 8m),
where m is the number of edges in the graph. This algorithm can also be seen as
an approximation algorithm that achieves an approximation ratio that is asymp-
totic to 2−4ε/(13+4ε) for weakly ε-dense graphs. Karpinski and Zelikovsky [15]
propose an algorithm that achieves a better ratio of 2/(2 − √

1 − ε) for weakly
ε-dense graphs, and a ratio of 2/(1+ ε) for strongly ε-dense graphs. Finally, Ima-
mura and Iwama [13] recently proposed a randomized approximation algorithm
which, with high probability, yields an approximation factor of 2/(1 + γ(G)),
where γ(G) is a function of the maximum and the average degree, and runs in
polynomial time if ∆, the maximum degree of the graph, is Ω(n log log n/ logn).

In the Minimum Maximal Matching problem, one is asked to find a max-
imal matching of minimum cardinality, i.e. a minimum-cardinality set of disjoint
edges that cannot be augmented. It is fairly easy to see that any maximal match-
ing has a size that is at most twice the size of the minimum maximal matching.
Much less is known about the minimum maximal matching problem than about
the minimum vertex cover problem. Chleb̀ık and Chleb̀ıková [3] do nevertheless
show that it is NP-hard to approximate the problem within a constant factor
better than 7/6.

Our Results. We study the worst-case approximation ratio of the maximal
matching heuristic for the Minimum Vertex Cover and Minimum Maximal
Matching problems in weakly and strongly ε-dense graphs. For both problems
in weakly ε-dense graphs, we characterize the exact worst-case approximation ra-
tio as a function of ε and obtain a function that is asymptotic to 2 when ε ≤ 3/4
and to 1/(1 − √

1 − ε) otherwise. In the case of strongly ε-dense graphs, again
we characterize the exact worst-case approximation ratio as a function of ε and
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obtain a function that is asymptotic to 2 when ε ≤ 1/2 and to 1/ε otherwise.
It is interesting to compare the approximation ratios we obtain for Minimum
Vertex Cover with the ones obtained by Zelikovsky and Karpinski: we note
that in both the weakly and the strongly ε-dense cases the ratios differ only by
one unit in the numerator and one in the denominator. The tight bounds we ob-
tain for the Minimum Vertex Cover problem are greater than those that were
obtained using more sophisticated approximation algorithms [12, 15]. We never-
theless believe that a tight worst-case study of the classical heuristic is interesting
as a point of comparison to the ratios obtained by other algorithms for the same
problem, or by the same heuristic applied to other problems. On the other hand,
the approximation ratios obtained for Minimum Maximal Matching are, to
the best of our knowledge, the best ones known for this problem since it does
not seem to have been studied under density constraints yet. Finally, the results
obtained for this problem are also valid for a variant problem, namely the Min-
imum Edge Dominating Set problem since, as noted by by Yannakakis and
Gavril [19], both problems always admit optimal solutions of the same size, and
an optimal solution to one can always be transformed into an optimal solution
to the other in polynomial time.

Section 2 is devoted to graph-theoretic preliminaries. In section 3 we study
the worst-case aproximation ratio for the Minimum Vertex Cover problem in
weakly and strongly ε-dense graphs. The same kind of analysis is performed for
Minimum Maximal Matching in section 4. Full proofs are omitted through
lack of space and can be found in [2].

2 Preliminaries

In the sequel we shall use the classical definition of a simple, loopless, undirected
graph G = (V, E), with vertex set V and edge set E. We denote by Gn,m the
set of all non isomorphic graphs having n vertices and m edges. We use n(G) to
denote |V |, m(G) to denote |E| and δ(G) for the minimum degree of G. We also
use the classical notions of complete graph, empty graph, independent set, clique,
complete bipartite graph Ka,b, matching, perfect matching and augmenting path.
Readers that are not familiar with these are referred to standard graph theory
texts such as Diestel [6]. The join of two graphs G1 and G2 with vertex sets
respectively V1 and V2 is the graph having V1 ∪ V2 as vertex set and containing
all edges of G1, G2, and all edges between vertices in V1 and V2. We denote
by τ(G) the size of a minimum cardinality vertex cover of G, by ν(G) the size
of a maximum cardinality matching of G, and by µ(G) the size of a minimum
maximal matching of G.

We shall make extensive use of the following family of graphs, that arise
as extremal graphs for several graph invariants (see [10] and [4]). A complete
split graph Ψn,α with 1 ≤ α ≤ n − 1, is a graph that can be decomposed in an
independent set of size α and a clique of size n − α, with each vertex of the
independent set being adjacent to each vertex in the clique.

Our proofs make use of the following basic results on the values of invariants
of complete split graphs.
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Lemma 2.1. m(Ψn,α) =
(
n
2

) − (
α
2

)
= (n − α)(n + α − 1)/2.

Lemma 2.2. ν(Ψn,α) =

{
�n

2 � if α ≤ n/2,

n − α otherwise.

Lemma 2.3. τ(Ψn,α) = n − α.

Note that τ(Ψn,α) = n−α is obtained only by choosing all vertices in the clique
as a vertex cover.

Lemma 2.4. µ(Ψn,α) = �n−α
2 �.

The following two simple properties shall also be useful.

Lemma 2.5. For any graph G, we have τ(G) ≥ δ(G).

Lemma 2.6. For any graph G, we have µ(G) ≥
⌈

δ(G)
2

⌉
.

3 Minimum Vertex Cover

We analyze the worst-case behavior of the maximal matching heuristic when
applied to the Minimum Vertex Cover problem. We first consider weakly
ε-dense graphs, which amounts to express the approximation ratio as a function
of the number of edges.

3.1 Approximation Ratio vs Number of Edges

Lemma 3.1. Let n and m be positive integers such that m(Ψn,α+1) < m ≤
m(Ψn,α) for some α. The minimum value of τ(G) attained by a graph G in Gn,m

is τ(Ψn,α) = n − α.

Sketch of the proof. The proof is in two steps: we first show by contradiction that
a graph G in Gn,m cannot have τ(G) < τ(Ψn,α), and second, by construction,
that there exists a graph G in Gn,m having τ(G) = τ(Ψn,α). 	


Lemma 3.2. Let n and m be positive integers such that m(Ψn,α+1) < m ≤
m(Ψn,α) for some α. There exists a graph G in Gn,m such that τ(G) = τ(Ψn,α)
and ν(G) = ν(Ψn,α).

Sketch of the proof. A graph satisfying the required conditions is given by the
removal of m(Ψn,α) − m edges from the edges joining the clique and the inde-
pendent set of Ψn,α. This graph can be shown to satisfy the required conditions
by the use of classical tools, among wich Hall’s condition on perfect matchings
(see [6]). 	


Using Lemmata 3.1 and 3.2 to maximize the numerator and minimize the
denominator of the ratio, we obtain Theorem 3.1:
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Theorem 3.1. Let β(G) be the worst-case approximation ratio for graph G. Let
β(m, n) be the worst approximation ratio attained by a graph in Gn,m. We have:

β(m, n) = β(Ψn,α∗(m,n)) =

{
2 if α∗(m, n) > n/2,

2�n
2 �

n−α∗(m,n) otherwise,

where α∗(m, n) =
⌊
1/2 +

√
n(n − 1) + 1/4 − 2m

⌋
is the integer value α such

that m(Ψn,α+1) < m ≤ m(Ψn,α).

The above theorem gives a tight upper bound on the approximation ratio of
the maximal matching heuristic to the minimum vertex cover problem in graphs
of n vertices and m edges, in the form of a discrete step function of m. The
function equals 2 when α > n/2 and begins to decrease afterwards.

Corollary 3.1. Let β̃(ε, n) be the worst approximation ratio attained by a graph
with n vertices and an average degree at least εn. We have:

lim
n→∞ β̃(ε, n) =

{
2 if ε ≤ 3/4,

1
1−√

1−ε
otherwise .

Sketch of the proof. The corollary follows from expressing β̃(ε, n) as β(�εn2/2�, n)
and studying the asymptotics of this expression. 	


This asymptotic result is to be compared with the results of [12] and [15]
quoted in the introduction (see figure 1).

3.2 Approximation Ratio vs Minimum Degree

Let An,α be the set of all graphs of minimum degree n−α that can be expressed
as the join of an independent set of order α and a graph of order n − α. Note
that An,α contains Ψn,α.

Lemma 3.3. For all G ∈ An,α we have ν(G) =

{
n − α if α ≥ n/2,

�n
2 � otherwise.

Sketch of the proof. When α ≥ n/2, the result is straightforward. When α <
n/2, through a careful analysis of the configurations and degrees of unmatched
vertices, we show that any non-perfect matching can be augmented. 	

Lemma 3.4. For all G ∈ An,α we have τ(G) = n− α. Furthermore, among all
graphs with n vertices and minimum degree n − α, this value of τ is minimal,
and is attained only by graphs in An,α.

Sketch of the proof. The proof follows from a direct application of Lemma 2.5
and simple graph-theoretic arguments. 	

Theorem 3.2 follows from Lemmata 3.3 and 3.4:
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Theorem 3.2. Let γ(δ, n) be the worst approximation ratio attained by a graph
with n vertices and minimum degree δ. We have:

γ(δ, n) =

{
2 if δ ≤ n

2 ,
2
δ �n

2 � otherwise.

Furthermore, the only graphs that maximize the approximation ratio among all
graphs with n vertices and a minimum degree of n−α when δ > n/2 are in An,α.

Corollary 3.2. Let γ̃(ε, n) be the worst approximation ratio attained by a graph
with n vertices and minimum degree at least εn. We have:

lim
n→∞ γ̃(ε, n) =

{
2 if ε ≤ 1/2,
1
ε otherwise .

This asymptotic result is again to be compared with the result of [15] quoted in
the introduction (see figure 1).
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Fig. 1. A comparison of the approximation ratios for Minimum Vertex Cover.

4 Minimum Maximal Matching

In this section we show that the analysis proposed for Minimum Vertex Cover
can be performed for Minimum Maximal Matching as well.

4.1 Approximation Ratio vs Number of Edges

The proof of the following lemma is straightforward and omitted.

Lemma 4.1. For any fixed k, the only graph G with n vertices that maximizes
the number of edges among all graphs having µ(G) = k is Ψn,n−2k.

Lemma 4.2. Let n and m be positive integers such that m(Ψn,α+1) < m ≤
m(Ψn,α) for some α. The minimum value for µ(G) attained by a graph G in
Gn,m is µ(Ψn,α) = �n−α

2 �.
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Sketch of the proof. Using arguments similar to those used in the proofs of
Lemmata 3.1 and 3.2, we first show, using Lemma 4.1, that a graph in Gn,m

cannot have a maximal matching of size less than µ(Ψn,α), and then that the
value µ(Ψn,α) is indeed attained by some graph in Gn,m. 	

Lemma 4.3. Let n and m be positive integers such that m(Ψn,α+1) < m ≤
m(Ψn,α) for some α. There exists a graph G in Gn,m such that µ(G) = µ(Ψn,α)
and ν(G) = ν(Ψn,α).

Sketch of the proof. The graphs described in the proof of Lemma 3.2 can easily
be shown to satisfy µ(G) = µ(Ψn,α) and ν(G) = ν(Ψn,α). 	


Using Lemmata 4.2 and 4.3 to maximize the numerator and minimize the
denominator of the ratio, we obtain Theorem 4.1:

Theorem 4.1. Let ρ(G) be the worst approximation ratio for graph G. Let
ρ(m, n) be the worst approximation ratio attained by a graph in Gn,m. For each
n, m we have:

ρ(m, n) = ρ(Ψn,α∗(m,n)) =






2 if α∗(m, n) > n/2 + 1,
�n

2 �⌈
n−α∗(m,n)

2

⌉ otherwise.

Corollary 4.1. Let ρ̃(ε, n) be the worst approximation ratio attained by a graph
with n vertices and an average degree at least εn. We have:

lim
n→∞ ρ̃(ε, n) =

{
2 if ε ≤ 3/4,

1
1−√

1−ε
otherwise.

4.2 Approximation Ratio vs Minimum Degree

Let Bn,δ be the set of graphs of order n having minimum degree δ and a maximal
matching of size �δ/2�. Note that Bn,δ = An,n−δ when δ is even.

Lemma 4.4. Each graph in Bn,δ with �δ/2� > n/4 has a perfect matching.

Sketch of the proof. As in the proof of Lemma 3.3, we show that any non-
perfect matching in our graph can be augmented, using a careful analysis of the
configuration and degrees of the vertices. 	

Theorem 4.2 follows directly from Lemmata 2.6 and 4.4:

Theorem 4.2. Let σ(δ, n) be the worst approximation ratio attained by a graph
with n vertices and minimum degree δ. We have:

σ(δ, n) =

{
2 if �δ/2� ≤ n/4
�n/2�
�δ/2	 otherwise.

Furthermore, when �δ/2� > n/4, Bn,δ is the exact set of graphs that maximize
the ratio among all graphs with n vertices and minimum degree δ.
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Corollary 4.2. Let σ̃(ε, n) be the worst approximation ratio attained by a graph
with n vertices and minimum degree at least εn. We have:

lim
n→∞ σ̃(ε, n) =

{
2 if ε ≤ 1/2,
1
ε otherwise.
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