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ABSTRACT
It is well known that linear eddy-viscosity turbulence models can introduce uncertainty in predictions for complex flow fea-
tures such as separation and reattachment. The goal of this paper is to advance our understanding of a physics-based approach
to quantify this turbulence model form uncertainty in Reynolds-averaged Navier-Stokes simulations of separated flows over
streamlined surfaces. The methodology is based on perturbing the modeled Reynolds stresses in the momentum equations; per-
turbations are defined in terms of a decomposition of the Reynolds stress tensor, i.e., based on the tensor magnitude and the
eigenvalues and eigenvectors of the normalized anisotropy tensor. We demonstrate that the accuracy of the predicted Reynolds
stress magnitude is strongly influenced by the turbulence production term and subsequently explore the anisotropy tensor
eigenvalue and eigenvector perturbations that maximize or minimize turbulence production; these could be expected to provide
bounds on the prediction of separation and reattachment locations. The method uses two user-defined parameters to identify
the spatial extent of the perturbed region and the magnitude of the eigenvalue perturbations. Results for the flow over a periodic
wavy wall and over a three-dimensional hill indicate that the perturbations that increase turbulence production decrease the
extent of the separation region, while perturbations that decrease production increase the region of separated flow. The pre-
dicted bounds can successfully encompass the reference data, provided the extent of the perturbed region and the eigenvalue
perturbation magnitudes are sufficiently large. Importantly, we observed a monotonic behavior of the magnitude of the predicted
bounds as a function of the two user-defined parameters.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5086341

I. INTRODUCTION

While Reynolds-averaged Navier-Stokes (RANS) simula-
tions remain the most affordable technique for simulating
turbulent flows, the inability of linear eddy-viscosity mod-
els to consistently provide accurate predictions for com-
plex flow features such as separation and reattachment is a
well known limitation of the approach. Large-eddy simula-
tions (LES) provide a higher-fidelity solution for such flow

problems, but they come at a significant increase in computa-
tional time and cost, in particular, for high-Reynolds number
flows. Hence, the engineering practice would benefit from a
methodology to quantify the structural uncertainty in RANS
models. More expensive LES would then only be necessary if
that uncertainty is too large.

Previous studies have considered a variety of approaches
toward epistemic uncertainty quantification of turbulence
models, including Bayesian inference,1 adjoint methods,2
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and machine learning.3–10 In the present study, we con-
sider the approach introduced by Emory, Larsson, and Iac-
carino,11 which quantifies the uncertainty related to the tur-
bulence model through the introduction of perturbations in
the Reynolds stress tensor computed by the baseline model.
The perturbations are defined in terms of the tensor magni-
tude (turbulence kinetic energy), and the shape (eigenvalues)
and orientation (eigenvectors) of the normalized anisotropy
tensor. Initial work focused on the effect of eigenvalue pertur-
bations, exploring the bounds obtained by making the turbu-
lence more one-, two-, or three-component.11 Several follow-
up studies have further developed this approach. On the one
hand, a variety of data-driven methods have been proposed
to define the perturbations, some also considering perturba-
tions to the magnitude and orientation of the Reynolds stress
tensor.4,6,8,9,12 On the other hand, a physics-based extension
toward perturbing the magnitude and orientation has been
proposed.13,14 In contrast to the data-driven methods, this
approach requires no high-fidelity data input and was for-
mulated to be generally applicable. It consists of indirectly
perturbing the magnitude of the Reynolds stress tensor by
calculating the production term in the transport equation for
the turbulence kinetic energy using the perturbed normal-
ized anisotropy tensor. The tensor eigenvalue and eigenvector
perturbations are selected to minimize and maximize the pro-
duction term since this can be expected to provide bounds
on predictions for separation and reattachment points. In
the study by Gorlé et al.,13 an analysis for the flow over a
wavy wall indicated that maximum production is found for
perturbations to the one-component corner of the barycen-
tric map without rotation of the eigenvectors. Isotropic tur-
bulence, which eliminates production of turbulence kinetic
energy, was considered the minimum production scenario.
These perturbations produced bounds on the predicted sep-
aration and reattachment points in the flow over a wavy wall
that encompassed direct numerical simulation (DNS) data.15

In the study by Iaccarino, Mishra, and Ghili,14 it was math-
ematically confirmed that for any set of realizable eigenval-
ues, production is maximized when using the eigenvectors of
the rate of strain tensor, while the minimum is found when
switching the first and third eigenvector of the rate of strain
tensor. Similar to Gorlé et al.,13 results were presented for
eigenvalue perturbations to the one-component corner of the
map without rotation, and to the isotropic corner, where the
orientation of the eigenvectors has no influence on the solu-
tion. The results further demonstrated the promising capabil-
ities of the approach in different 2D and axi-symmetric flow
configurations.

The goal of this paper is to advance the understanding
of the performance of this physics-based approach for quan-
tifying linear eddy-viscosity turbulence model form uncer-
tainty in RANS simulations of separated flows over stream-
lined surfaces. Specifically, the objectives of this study are (1)
to support the choice of indirectly perturbing the turbulence
kinetic energy by calculating the production term with the
perturbed anisotropy tensor; (2) to mathematically demon-
strate that eigenvalue perturbations to one-component tur-
bulence without eigenvector perturbations achieve maximum

production, while isotropic turbulence is the limiting case
when restricting the solution to positive production; (3) to
investigate the behavior of the bounds obtained using these
one-component and isotropic perturbations in function of the
magnitude and spatial extent of the perturbations; and (4)
to apply the method to a complex three-dimensional flow
of engineering interest. To achieve the first three objectives,
we revisit the test case of the flow over a wavy wall used
in the study by Gorlé et al.13 A DNS database for the con-
figuration15 is used to support validation of the method-
ology. For the fourth objective, we consider the flow over
Askervein Hill, which is a test case of interest for wind
resource assessment, and we compare the results to field
experiments.16,17

The remainder of this paper is organized as follows. Sec-
tion II introduces the governing equations and the flow con-
figurations considered. Section III addresses the first two
objectives by presenting a detailed description and motiva-
tion of the method used to define the perturbations. Sec-
tions IV and V present the results for both configurations,
addressing the final two objectives. Conclusions are presented
in Sec. VI.

II. GOVERNING EQUATIONS AND FLOW
CONFIGURATIONS
A. Governing equations

The governing equations are the incompressible Reynolds-
averaged equations for conservation of mass and momentum,

∂Ui

∂xi
= 0, (1)

DUj

Dt
= −

1
ρ

∂p
∂xj

+ ν
∂2Uj

∂xi∂xi
−
∂uiuj

∂xi
, (2)

where Ui are the time-averaged velocity components, ρ is the
density, p is the pressure, and ν is the kinematic viscosity. uiuj
are the components of the Reynolds stress tensor Rij, which
are modeled with a two-equation linear eddy viscosity model
based on the turbulent viscosity hypothesis,

uiuj =
2
3
kδij − 2νtSij, (3)

where k is the turbulence kinetic energy, δij is the Kronecker
delta, νt is the turbulent viscosity, and Sij is the rate of strain
tensor. In the results presented hereafter for the wavy wall,
two different models for the turbulent viscosity were consid-
ered: the shear-stress transport k − ω model (SST) and the
realizable k −ε model (RKE). By considering two different mod-
els, we intend to demonstrate that the approach consistently
provides bounds for the prediction, independent of the choice
for the baseline model. For the Askervein hill case, the SST
k − ω model was used.

B. Wavy wall configuration and DNS database
The wavy wall configuration, shown in Fig. 1, is iden-

tical to the one from the DNS study used for validation.15
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FIG. 1. Wavy wall flow configuration.15

The geometry is defined as a three-dimensional channel, with
a flat upper wall and a wavy surface at the lower wall defined
by

y = A cos
(

2πx
λ

)
, (4)

with A being the amplitude and λ being the wavelength. The
wave steepness is defined by 2A/λ and equal to 0.1. Periodic
boundary conditions are applied in the streamwise direction.
The RANS simulations were performed on a mesh of 256 × 96
cells. This mesh resolution is identical to the one used in the
DNS15 and can hence be presumed to provide a grid indepen-
dent solution. The near wall resolution was sufficient (y+ ≈ 1)
to avoid the use of wall functions with the SST k − ω model;
with the realizable k − ε model a two-layer approach was
used.18

The governing equations presented in Sec. II A are solved
using an unstructured, pressure-based, finite-volume code.
The solver uses a co-located scheme, interpolating the pres-
sure values at the faces with a standard algorithm.19 Pressure-
velocity coupling is performed using the semi-implicit method
for pressure-linked equations (SIMPLE) algorithm.20 A sec-
ond order upwind scheme is used for spatial discretiza-
tion, and the gradients are evaluated with a Green-Gauss
cell based approach. The solution is considered converged
when the residuals level out and no change in the solution is
observed.

The DNS database includes results for the flow and for
scalar dispersion at Re = 6850, based on the bulk veloc-
ity Ub at the wave crest and the average channel height h.
The present study focuses on the solution for the flow field,
in particular, on the Reynolds stress tensor obtained from
the time-averaged DNS solution. Validation of the DNS flow
field is presented in Rossi.21 The time-averaged values used
in this study were also spatially averaged in the spanwise
direction and over the four wave crests since the flow is
assumed to be fully developed and hence periodic in both
directions.

C. Askervein hill configuration and field
measurements

The geometry of Askervein hill, an isolated 116 m high
hill near the west coast of South Uist, Scotland, is shown in
Fig. 2. The location was selected for a field experiment per-
formed in September 1982 and October 1983,16,17 and the
data have been widely used for validation of experimental and
numerical methods in the wind engineering community. RANS

FIG. 2. Computational domain and topography of the Askervein hill and its
surroundings.

simulations using the standard and RNG k − ε turbulence mod-
els22–26 are generally found to predict mean flow quantities in
agreement with the measurements, but they tend to under-
estimate the relative speed-up near the ground at the hilltop.
This underestimation has been attributed to the presence of
the intermittent separation in the lee of the hill or to the
hilltop area being slightly smoother than the upstream ter-
rain. In the present study, we investigate whether turbulence
model form uncertainty could be responsible for the observed
discrepancies.

The RANS simulations were performed with the SST
k −ω turbulence model for an incoming wind direction of 210◦,
aligned with the x-axis of the computational model, as pre-
sented in Fig. 2. The horizontal extent of the computational
domain is shown in Fig. 2, and the height is 1800 m. The com-
putational grid has around 2 × 106 cells and is refined in the
near wall region to accurately resolve the geometry of the hill.
A previously reported grid dependency study indicated neg-
ligible changes in the predicted quantities of interest when
increasing the grid resolution by a factor 1.5.27 The inflow
boundary condition imposes neutral atmospheric boundary
layer profiles,28 with a logarithmic velocity profile that has
a roughness height z0 = 0.03 m16 and a friction velocity
u∗ = 0.63 m/s to match the velocity measurements at a refer-
ence tower. A rough wall function is used to ensure horizontal
homogeneity of the atmospheric boundary layer profiles.29 At
the top boundary, a zero normal velocity is imposed, while
zero-gradient conditions are used for all velocity components
on the outlet boundary.

The governing equations presented in Sec. II A are
solved using the open source unstructured, pressure-based,
finite-volume code OpenFoam. Pressure-velocity coupling is
performed using the SIMPLE algorithm,20 and a central differ-
encing scheme is used for spatial discretization of the con-
vective terms. The solution is considered converged when
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the residuals level out and no change in the solution is
observed.

Experimental data for validation are available at several
points on lines A, AA, and B at a height of 10 m above the hill
surface, as indicated in Fig. 2. The analysis of the results will
focus on the prediction of the fractional speed-up ratio, FSR
= (U − Uref )/Uref , with Uref being the incoming wind speed at
10 m height equal to 8.9 m/s.

III. EPISTEMIC UNCERTAINTY QUANTIFICATION
METHOD
A. General framework

The framework proposed in the study by Emory, Pec-
nik, and Iaccarino30 consists in perturbing the Reynolds stress
tensor Rij computed by the model and used in the momentum
equations. The definition of the perturbed tensor R∗ij is based
on the eigenvalue decomposition of the normalized anisotropy
tensor aij =

Rij

2k −
1
3 δij = vikΛklvjl, where vij is the matrix of

orthonormal eigenvectors and Λkl is the diagonal matrix of
eigenvalues λl,

R∗ij = 2k∗
(

1
3
δij + v∗ikΛ

∗

klv
∗

jl

)
. (5)

Here, k
∗

is the perturbed turbulence kinetic energy, Λ∗kl is
the diagonal matrix of perturbed eigenvalues λ∗l , and v∗ij are
the perturbed eigenvectors. The above formulation does not
involve any modeling assumptions, thereby presenting a gen-
eral way of introducing epistemic uncertainty in the Reynolds
stress tensor. In the following, we first present the ratio-
nale for defining perturbations to the turbulence kinetic
energy and subsequently focus on the perturbations for the
anisotropy tensor.

1. Perturbation of turbulence kinetic energy
The proposed approach does not perturb k directly

but instead perturbs the production term in the transport

equation for k. The production of k can be written in closed
form as the inner product of the Reynolds stresses and the
rate of strain tensor, Pk = −uiuj

∂Ui
∂xj

. Hence, the approach can
leverage the perturbations introduced in the eigenvalues and
the eigenvectors in Eq. (5), by using the perturbed anisotropy
tensor in the exact formulation for Pk.

This modeling choice is based on an analysis of the
discrepancies in k between the RANS and DNS simulations
for the wavy wall. Three different sets of simulations were
performed. First, both the RANS flow and turbulence equa-
tions were solved. Second, the effect of the coupling to
the mean flow was eliminated by freezing the flow to the
averaged DNS flow field, solving the transport equations for
the turbulence quantities, k and ω or ε only. Third, the
turbulence kinetic energy production term was also frozen
to the exact production term calculated from the DNS as
Pk = −uiuj

∂Ui
∂xj

. The difference between the last two sets of
simulations is that when only freezing the DNS flow field,
Pk is still determined from the inexact Reynolds stresses
as computed using the linear eddy-viscosity hypothesis,
whereas in the second case, the exact Reynolds stresses are
used.

Figure 3 presents the comparison for the turbulence
kinetic energy from the DNS and from the three different sim-
ulations with the SST k −ω and the realizable k − ε models. For
the SST k − ω model, the result shows an underprediction up
to 70% when solving the coupled momentum and turbulence
transport equations. When removing the coupling to the mean
flow, the turbulence kinetic energy decreases further, increas-
ing the level of discrepancy. However, when using the correct
production term for k, a much higher accuracy in the predic-
tion is obtained, with a prediction that is closer to the DNS
in most regions of the flow than the original coupled RANS
solution. For the k − ε model, an overprediction up to 40%
is observed when solving the coupled momentum and turbu-
lence transport equations. When removing the coupling to the
mean flow, the overprediction increases up to 100%. As for the

FIG. 3. Comparison of turbulence kinetic energy for the flow
over the wavy wall. DNS and RANS with the SST k − ω
and realizable k − ε models, solving the coupled momen-
tum and turbulence transport equations (left), solving the
turbulence transport equations with the DNS mean flow field
(center), and solving the turbulence transport equations with
the DNS mean flow field and DNS production term for k
(right).
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SST k − ω model, imposing the correct production term for k
results in an improvement of the prediction, with a result that
is close to the original coupled RANS solution.

These results demonstrate that the use of the original
model’s Reynolds stress prediction to calculate Pk is an impor-
tant reason for errors in the prediction of the turbulence
kinetic energy, hence motivating our approach for perturb-
ing the production term. In addition, this approach allows us
to explore which anisotropy tensor perturbations would min-
imize and maximize Pk. These perturbations could plausibly
provide realistic bounds for RANS predictions of separated
flows over a streamlined surface.

2. Perturbation of eigenvalues and eigenvectors
Perturbations of the eigenvectors can be defined in terms

of a rotation of the principal axes of the anisotropy ten-
sor. For the eigenvalues, Emory, Pecnik, and Iaccarino30

proposed perturbations defined as a modification of the
barycentric map31 coordinates. The method imposes clear
bounds on the possible perturbations since the map, shown
in Fig. 4, contains all the realizable states of the Reynolds
stress tensor. Its corners represent different limiting states
of turbulence anisotropy; these are referred to by their cor-
responding number of components, e.g., isotropic turbu-
lence corresponds to the three-component (3C) corner. The
barycentric map coordinates for any Reynolds stress ten-
sor are determined by a linear combination of the cor-
ner coordinates xiC and the anisotropy tensor eigenvalues,
λ1 ≥ λ2 ≥ λ3,

x = (λ1 − λ2)x1C + (2λ2 − 2λ3)x2C + (3λ3 + 1)x3C. (6)

The procedure to define the perturbed eigenvalues λ∗l is to
first determine the map coordinates of the Reynolds stress
computed by the SST k − ω or realizable k − ε turbu-
lence model xA and subsequently inject uncertainty by mov-
ing it to a new location xB. For example, when the pertur-
bations are intended to make the anisotropy tensor more
one-component, xB can be written as

xB = xA + ∆B(x1C − xB), (7)

where ∆B is the magnitude of the perturbation toward the
1C corner. Once the new location has been determined, an

updated set of eigenvalues λ∗l can be evaluated from Eq. (6) and
used to reconstruct aij and the Reynolds stress tensor. Given
this framework, our objective is now to find the eigenvalue
and eigenvector perturbations that produce the maximum and
minimum turbulence production term.

a. Maximizing the production of k. It has been shown
that the production term, which is the inner product of the
Reynolds stress tensor and the rate of strain tensor, has the
following minimum and maximum:14

[ ρ1γ3 + ρ2γ2 + ρ3γ1, ρ1γ1 + ρ2γ2 + ρ3γ3], (8)

where ρ1 ≥ ρ2 ≥ ρ3 are the eigenvalues of the Reynolds stress
tensor and γ1 ≥ γ2 ≥ γ3 are the eigenvalues of the rate of strain
tensor. Thus, for a given set of eigenvalues, the maximum pro-
duction term is found when the eigenvectors of the Reynolds
stress tensor are equal to those of the rate of strain tensor.
Given the turbulent viscosity hypothesis [Eq. (3)], this corre-
sponds to the original orientation predicted by the realizable
k − ε and SST k − ω models.

Next, we show that among the possible sets of eigenval-
ues, the ones corresponding to the one-component corner
of the barycentric map consistently maximize the production
term. First, the eigenvalues of the Reynolds stress tensor in
Eq. (8) are written in terms of the eigenvalues of the anisotropy
tensor, ρj = 2

3k + 2kλj, showing that finding the maximum pro-
duction is equivalent to finding the maximum of λ1γ1 + λ2γ2
+ λ3γ3. Then, we substitute λ3 = −λ1 − λ2, based on the fact
that the anisotropy tensor has a zero trace, and we use γ2 = γ1
− ε and γ3 = γ1 − ε − η, with ε , η ≥ 0, based on the ordering
of the eigenvalues. This results in the equivalent optimization
problem

max .λ1(ε + η) + λ2η, (9)

subject to the linear constraints depicted in the anisotropy
invariant map in Fig. 4. The solution for this linear optimization
problem will correspond to one of the vertices in the invariant
map. Substituting these limiting sets of eigenvalues, it is shown
that the solution for this optimization problem is found in the
one-component limit, when λ1 =

2
3 and λ2 = −

1
3 . Hence, the

production term will be maximized by introducing eigenvalue
perturbations to the one-component corner in the barycen-
tric map while keeping the eigenvectors aligned with those of
the rate of strain tensor.

FIG. 4. Barycentric (left) and anisotropy-invariant (right)
maps.
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b. Minimizing the production of k. Following Eq. (8),
minimum production is found when the eigenvectors of the
rate of strain tensor are those of the Reynolds stress tensor
but with the first and third eigenvector interchanged. Repeat-
ing the above analysis to find the eigenvalues that will produce
the minimum production term for this orientation, we obtain
the following equivalent for the optimization problem from
Eq. (9):

min. − λ1(ε + η) − λ2ε , (10)

again subject to the linear constraints depicted in the
anisotropy invariant map in Fig. 4. In this case, we see that
for isotropic turbulence, when λ1 = λ2 = λ3 = 0, this rela-
tionship is 0, while for any other realizable set of eigenval-
ues, a negative production term would be obtained. Nega-
tive shear production has never been observed on an entire
flow domain; it has only been observed locally in, e.g., asym-
metric flow with one smooth and one rough wall, flow
through annuli, wall jets, and asymmetric plane jets.32 It
is very unlikely to occur in the steady-state, non-buoyant
flows over streamlined surfaces considered in this paper,
and the DNS value for the shear production term was con-
firmed to be positive at all locations in the wavy wall flow
field. Accessing negative turbulence production is therefore
undesirable; instead we will consider eigenvalue perturba-
tions to the isotropic corner in the barycentric map, which
consistently decrease the turbulence kinetic energy. In the
isotropic limit, the anisotropy tensor is a null tensor, and any
rotation of the eigenvectors will have no influence on the
result.

B. User-defined parameters
The introduction of eigenvalue perturbations to the

1C and 3C corners in the entire flow domain is likely to
lead to overly conservative bounds on the prediction. We
therefore introduce two user-defined parameters, specifying
(1) the size of the flow region in which to introduce
the perturbations and (2) the magnitude of the eigenvalue
perturbation. In Secs. III B 1 and III B 2, the physical
basis for the selection of these parameters is discussed;
the effect of their values on the solution is investigated
in Secs. IV and V.

1. Size of the perturbed flow region
To identify the regions in the flow where the results

from the linear-eddy viscosity model are plausibly inaccurate,
we use the marker function that was presented in the study
by Gorlé et al.33 The marker m identifies regions that devi-
ate from parallel shear flow based on the angle between the
local direction of the streamline si and the gradient of the
streamline-aligned velocity gj,

si =
Ui√
UkUk

, gj = si
∂Ui

∂xj
, m = ���gjsj

���, (11)

where m will be exactly zero for either parallel shear flow or
when the shear vanishes. As the angle between the stream-
line and the gradient decreases, the magnitude of m will
increase. In the study by Gorlé et al.,33 the performance of

the marker was validated for the wavy wall flow by com-
paring the marker values with a local measure of the tur-
bulence model error, defined as the difference between the
divergence of the Reynolds stresses in the RANS and DNS
solution.

To identify the regions in which Reynolds stress pertur-
bations are introduced, upper and lower marker thresholds,
Mu and Ml, are specified. These thresholds are used to define
a switch function that varies between 0 and 1,

Switch =




0 if m < Ml,
1
2
−

1
2

cos
(
π

m −Ml

Mu −Ml

)
if Ml ≤ m ≤ Mu,

1 if m > Mu.

(12)

The cosine function ensures a smooth transition, and the
thresholds are specified in terms of the ratio between a refer-
ence length and reference velocity, Uref/Lref . Different combi-
nations of Ml and Mu, summarized in Table I, were considered
in this study. In Secs. IV and V, the corresponding contours
for the switch functions obtained for both test cases will be
shown to visualize the variation in the extent of the marked
regions.

2. Magnitude of the eigenvalue perturbations
The magnitude of the perturbations toward the 1C and

3C corner of the barycentric map was restricted to move-
ments that would bound the DNS value of the shear pro-
duction term integrated over the domain. This was found to
happen for both models when considering a maximum dis-
placement that goes halfway to the corners of the map, i.e.,
using ∆B = 0.5. Table II presents these integrated values nor-
malized by the DNS value. To visualize the resulting pertur-
bations of Pk, Fig. 5 shows the contours of the turbulence
production term from the DNS, the unperturbed RANS model,
and the RANS model with the perturbations that decrease (3C,
∆B = 0.5) and increase (1C, ∆B = 0.5) Pk. The results confirm
that limiting the eigenvalue perturbations to ∆B = 0.5 pro-
vides realistic perturbations for which the integrated values
of the production term encompass the DNS value for both
models.

TABLE I. Marker threshold values.

Ml Mu

M1 0.05Uref/Lref 0.1Uref/Lref
M2 0.1Uref/Lref 0.25Uref/Lref
M3 0.25Uref/Lref 0.5Uref/Lref

TABLE II. Turbulence production term, integrated over the domain and divided by
the DNS value, for the unperturbed RANS simulations and for simulations with
perturbations that increase (1C) and decrease (3C) Pk .

Pk
Pk,DNS

Pk,1C,∆B=0.5
Pk,DNS

Pk,3C,∆B=0.5
Pk,DNS

SST k − ω 0.95 2.06 0.47
Realizable k − ε 1.02 2.53 0.51
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FIG. 5. Contours of turbulence production for the wavy wall
flow. DNS and unperturbed RANS using the SST k − ω
and realizable k − ε models (left), and SST k − ω and
realizable k − ε with perturbations that increase (center)
and decrease (right) Pk .

C. Implementation
The implementation of the methodology is straightfor-

ward since it only requires specifying source terms in the
momentum equations and the transport equation for the tur-
bulence kinetic energy. The source terms are calculated at
each iteration by (1) calculating the marker, (2) calculating the
Reynolds stress tensor obtained by the baseline model, but
using a source term that calculates the production of k using
the perturbed tensor from the previous time step, (3) obtaining
the normalized anisotropy tensor eigenvalue decomposition
and barycentric map coordinates, (4) perturbing the barycen-
tric map coordinates as proposed above and reconstructing
the perturbed tensor, and (5) calculating the divergence of the
perturbed tensor to define the source terms in the momentum
equations. The iterative solver is initialized using the unper-
turbed solution and runs until it converges to the perturbed
solution.

IV. WAVY WALL RESULTS AND DISCUSSION
In this section, we present the results obtained for the

wavy wall configuration, focusing on the prediction of the wall

shear stress and the velocity field. We consider both the SST
and RKE turbulence models. The effect of the user-defined
parameter values is investigated by performing a total of nine
simulations, considering all possible combinations of the three
marker thresholds (Table I) and three perturbation magni-
tudes (∆B = 0.1, 0.25, 0.5). The extent of the marked regions
for each set of marker thresholds is shown in Fig. 6; these
contours were calculated using the baseline SST and RKE solu-
tions. Using both turbulence models, M1 results in introducing
perturbations into most of the lower quarter of the chan-
nel, while for M3, perturbations will only be introduced in the
near-wall regions.

A. Wall shear stress
Figure 7 presents the results in terms of the x-component

of the wall shear stress along the wavy wall. Each plot includes
the values from the DNS, a baseline RANS simulation (SST
on the left, RKE on the right), and three sets of bounds,
obtained from simulations with perturbations toward the
one-component and three-component corner. In the upper
row, the three different bounds reflect the effect of the

FIG. 6. Switch functions for marker thresholds M1, M2, and
M3 in the SST and RKE simulations for the wavy wall.
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FIG. 7. Uncertainty intervals for the
streamwise component of the wall shear
stress along the wavy wall.

perturbation magnitude ∆B, shown for M2. The lower row
demonstrates the effect of the extent of the marked region,
shown for ∆B = 0.25.

The results show the promising capabilities of the
approach in capturing the uncertainty in the reattachment
location. The baseline SST prediction considerably over pre-
dicts the reattachment location, while the RKE model pro-
vides a rather accurate prediction, with a reattachment
point that is only slightly upstream of the DNS result. As
expected, the 3C perturbation, which decreases Pk, shifts the

reattachment point slightly downstream, while the 1C per-
turbation, which increases Pk, shifts the reattachment point
upstream. For both models, the bounds obtained with a per-
turbation magnitude of 0.25 or larger encompass the DNS
reattachment location. In addition, the DNS wall-shear stress
is within the predicted bounds along most of the wavy
wall.

An important observation is that the plots indicate a
monotonic behavior in terms of the effect of the user-defined
parameter values: an increase in the perturbation magnitude

FIG. 8. Velocity contours for the wavy wall flow. DNS, SST
k − ω baseline, and SST k − ω with different eigenvalue
perturbation magnitudes for marker thresholds M2.
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FIG. 9. Uncertainty intervals for the
velocity profiles along the wavy wall at
x/λ = 0.0, 0.25, 0.5, and 0.75.

or an increase in the area of the marked region both result
in an increase in the bounds. This trend was found to be
the same for all marker thresholds or perturbation sizes. The
effect of the perturbation size is more pronounced than that
of the marked region, which can be explained by the fact that
the near-wall region is almost entirely marked for each set of
marker thresholds.

B. Velocity field
Figure 8 presents the velocity contours from the DNS,

baseline SST, and perturbed SST simulations with marker
thresholds M2 and different perturbation magnitudes. In
addition to showing the result for the 1C and 3C per-
turbation, we also present the result for the 2C pertur-
bation. We note that the velocity contours for the RKE
model showed similar observations but are omitted for
brevity.

The contours confirm the behavior observed in the pre-
diction of the wall shear stress. First, decreasing Pk increases
the length of the separation region, while increasing Pk
decreases separation. Second, the bounds predicted for the
velocity field increase monotonically when the perturbation
magnitude is increased. This monotonic increase also holds
when increasing the area of the marked region, but the differ-
ences are more subtle and tend to manifest themselves locally
in newly marked areas. The corresponding contour plots are
omitted for brevity. A final observation is that perturbations to
the 2C corner, which will result in a value for Pk in between the
1C and 3C perturbations, produce a result that lies in between
these simulations.

To further quantify the above analysis of the velocity field,
Fig. 9 presents line plots of velocity profiles at four locations
along the wave crest. Similar to Fig. 7, each plot includes the
values from the DNS, a baseline RANS simulation (SST on the
left, RKE on the right), and three sets of bounds, obtained from

simulations with perturbations toward the one-component
and three-component corner. In the upper row, the three dif-
ferent bounds reflect the effect of the perturbation magnitude
∆B, shown for M2. The lower row demonstrates the effect of
the extent of the marked region, shown for ∆B = 0.25. The plots
further confirm that the bounds increase monotonically when
increasing the perturbation size or marked region. The results
indicate that the larger perturbation magnitude of ∆B = 0.5 is
required to provide bounds that encompass the DNS data for
the velocity field.

V. ASKERVEIN HILL RESULTS AND DISCUSSION
In this section, we present the results obtained for the

prediction of the FSR over Askervein Hill using the SST tur-
bulence model. Based on the wavy wall results, we selected
the marker thresholds corresponding to M2 in Table I. For
the perturbation magnitude, we used ∆B = 0.5 when intro-
ducing perturbations toward the 1C corner and ∆B = 0.1 when
introducing perturbations toward the 3C corner. The smaller
perturbation toward the 3C corner was selected to ensure
convergence of the results; the wavy wall results also indi-
cated that the perturbations to the isotropic corner consis-
tently produce results that are further from the reference
solution. The final result is presented as a single uncertainty

FIG. 10. Switch function for marker thresholds M2 on a vertical plane along line A
over Askervein Hill.
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FIG. 11. Contours of fractional speed-up ratio on a vertical plane along line A over
Askervein hill for the SST baseline simulation and for SST simulations with 1C and
3C eigenvalue perturbations.

interval for the baseline SST prediction and compared to the
available field measurements. An investigation of the effect of
these user-defined parameters can be found in Ref. 34 and
was shown to lead to the same conclusions as those presented
in Sec. IV.

Figure 10 presents the marker values on a vertical plane
along line A (see Fig. 2), indicating how the marker iden-
tifies the flow regions surrounding the hill top. Figure 11
shows the contour plots of the fractional speed-up ratio (FSR)
for the baseline and both perturbed simulations. As before,
increasing the turbulence production using 1C perturbations
results in a decrease of the extent of the separated region,
while decreasing the production results in a larger separation
bubble.

Figure 12 shows the corresponding uncertainty intervals
for the FSR at 10 m height along lines A, AA, and B, respec-
tively, and compares the results to the field measurement
data. The uncertainty intervals encompass the majority of the
experimental data points. As one would expect, the intervals
are larger in the area downstream of the hill top (lines A and
AA) where separation occurs, but there is limited experimen-
tal data available for comparison in this region. Along line B,
which runs along the hill top almost perpendicular to the wind

direction, the uncertainty interval provides an adequate rep-
resentation of the discrepancies between the field measure-
ments and simulations. This indicates that turbulence model
form uncertainties could at least partially be responsible for
the previously described discrepancies in the FSR predictions
near the hill top.

VI. CONCLUSIONS
The goal of the present study was to improve our under-

standing of a physics-based method to quantify turbulence
model-form uncertainty in RANS predictions of separated
flows over streamlined surfaces. Two different linear eddy-
viscosity models, the SST k − ω model and the realizable
k − ε model, were considered. The methodology is based on
the framework presented in the study by Emory, Pecnik, and
Iaccarino30 and consists in introducing perturbations in the
Reynolds stress tensor computed by the model and used in the
momentum equations. The perturbations are defined in terms
of a decomposition of the Reynolds stress tensor, i.e., its mag-
nitude and the eigenvalue decomposition of the normalized
anisotropy tensor.

We presented analyses to support the definition of the
perturbation functions for these quantities. First, an a pri-
ori analysis indicated the dominant influence of the turbu-
lence production term on the prediction of the Reynolds
stress magnitude. Second, we showed that turbulence pro-
duction is maximized when keeping the Reynolds stress eigen-
vectors aligned with the rate of strain tensor eigenvectors
and introducing eigenvalue perturbations toward the one-
component corner of the barycentric map, while it is reduced
to zero when introducing eigenvalue perturbations toward
the three-component (isotropic) corner of the map. Hence,
the perturbation functions are defined to keep the original
linear eddy-viscosity model orientation of the eigenvectors
and perturb the eigenvalues to either the one-component or
the three-component corner of the barycentric map. Sub-
sequently, the updated anisotropy tensor is used to calcu-
late the turbulence production term in the transport equa-
tion for the turbulence kinetic energy, thereby affecting
the magnitude of the Reynolds stress tensor. The method

FIG. 12. Comparison of fractional speed-up ratio along lines
A, AA, and B over Askervein hill from the baseline SST sim-
ulation and the field experiment, with uncertainty intervals
from two (1C and 3C) perturbed simulations.
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uses two user-defined parameters: (1) a marker threshold,
which identifies the spatial extent of the perturbed region,
and (2) a perturbation size, which specifies the magnitude
of the displacement toward the corners of the barycentric
map.

Results for both the wavy wall flow and the flow over
Askervein hill indicate that the perturbations that increase
Pk decrease the extent of the separation region, while
perturbations that decrease Pk increase the region of sepa-
rated flow. In both cases, the resulting bounds on the veloc-
ity field can successfully encompass the DNS or experimen-
tal data, provided the extent of the perturbed region and
the perturbation sizes are sufficiently large. Importantly, we
observed a monotonic behavior of the magnitude of the pre-
dicted bounds as a function of the two user-defined param-
eters; such monotonic behavior is imperative for a method
that aims to predict plausible bounds for quantities of inter-
est. It also indicates that imposing eigenvalue perturbations
toward the corners of the barycentric map in the entire
flow domain would consistently provide conservative bounds
on predictions of separated flows over streamlined surfaces.
This could provide useful prior information for more complex
methods that consider, for example, spatial variability in the
perturbations.

Future work will focus on analyzing the capability of the
method to capture uncertainty in the modeled turbulence
quantities; this will, for example, be relevant for modeling
turbulent dispersion. In addition, we will investigate the per-
formance of the method in different configurations, including
bluff body flows.
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