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1 Introduction

Conformal and Weyl (or local scale) symmetries do not only elicit interest in exotic and/or

low dimensional contexts such as string theory — where the world-sheet of strings is re-

quired to have exact Weyl symmetry — or in the literature related to AdS/CFT holography

— where a gauge theory in a bulk is dual to a conformal field theory on the boundary. They

are also put forward as relevant for plain 4-dimensional physics, though usually thought of

as spontaneously broken by a so-called dilaton field. For example, the spontaneous break-

ing of the conformal SO(2, 4) symmetry down to a SO(1, 4) deSitter symmetry has been

advocated as an alternative to cosmological inflation and as an explication of the near scale

invariance of the CMB perturbations spectrum [1]. Weyl SSB as been proposed as a way

to improve (or drive) inflationary cosmology, to stabilize the Standard Model (SM) and to

give mass to all of its fields [2]. It has also been suggested that it may be the key to an

improved SM where all parameters are computable, and to the solution of both the black

hole information and the firewall problems [3].

Model building in 4D can take advantage of conformal differential geometric frame-

works such as Penrose’s Twistor theory,1 or the conformal Tractor calculus [6, 7]. Both

deal only with Weyl gauge symmetry. The most general differential geometric framework

to take on the full conformal symmetry is the conformal Cartan geometry [8], to which

both twistor and tractor conformal calculi are closely related [9]. We intend to show how,

1Which was intended originally as a framework for all of physics, and short of that objective it is

nevertheless of great conceptual and technical relevance in advanced topics such as string theory [4] and,

to a lesser extent, loop quantum gravity [5].
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within this differential geometric setup, one can get ride of the Weyl gauge symmetry with-

out SSB, but rather in a non-dynamical way via the dressing field method (DFM), thereby

questioning its physical meaning. We notice the close relation with Stora’s idea about the

Wess-Zumino functional as expounded in [10] (appendix A).

The paper is organized as follows. Section 2 is a nutshell presentation of the dressing

field method, where the main theorems regarding the gauge symmetry reduction and the

residual gauge symmetries are stated in the form of propositions. Section 3 describes

synthetically how the tractor and twistor bundles are obtained from gauge reduction of the

conformal Cartan reduction via dressing. Given these prerequisites, section 4 shows how a

dilaton is extracted from the tractor field and used to built a dressing field that allows to

non-dynamically erase the Weyl gauge symmetry, so that only the residual Lorentz gauge

symmetry seems physically relevant. In particular, one obtains a Weyl-invariant twistor

that is identified with a Dirac spinor. This geometric construction is illustrated via a toy

model in which the tractor fields, embedded in a potential, plays the same role as the scalar

field in the electroweak model, and in which the invariant twistor is endowed with a mass

through spontaneous breaking of the residual Lorentz symmetry. Of course this model

is put forward merely to invite the reader to ponder the symmetry reduction mechanism

presented. Finally, in section 5 we discuss the import of our main result concerning the

non-dynamical reduction of Weyl symmetry, and in particular argue that (independently of

our toy model) our geometric analysis support a claim made by Jackiw and Pi a few years

ago [11] according to which the Weyl symmetry of — at the time — recently proposed

cosmological models is what they dubbed ‘fake’. We indicate that their work, and ours,

can be situated in a broader context within philosophy of physics regarding the distinction

between artificial and substantial gauge symmetries.

2 Reduction of gauge symmetries via dressing

The dressing field method is a technically rather simple and nonetheless conceptually pow-

erful tool allowing to deal with gauge symmetries so as to reveal the physical degrees of

freedom (d.o.f) of a theory in a way that differs markedly from both gauge fixing or sponta-

neous symmetry breaking mechanisms. One can consult [12] p.377 for a review with some

interesting applications, and [13] for an assessment of its implications regarding philosophy

of physics. This section is a nutshell presentation of the method and is the occasion of

fixing some notation. We refer to [14] for the proofs of all the following assertions.

2.1 Invariant composite fields

The main purpose of the DFM is to produce gauge-invariant composite fields that can

adequately represents the physical d.o.f of a gauge theory. It is better formulated in the

language of fiber bundle differential geometry. So let us recall what is the geometric setup

of a gauge theory.

The main object if a principal fiber bundle P π−→M over an m-dimensional spacetime

M with structure Lie group H, also noted P(M, H). The right action of H on P is

Rhp = ph, ∀p ∈ P . The bundle is endowed with a h-valued (Ehresmann) connection
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1-form ω ∈ Λ1(P, h), with curvature 2-form Ω ∈ Λ2(P, h) given by Cartan’s structure

equation Ω = dω + 1
2 [ω, ω]. For any choice of trivializing section σ : U ⊂ M → P over an

open subset of M, one obtains by pullback the local representatives A = σ∗ω ∈ Λ1(U , h)

and F = σ∗Ω ∈ Λ2(U , h) which are respectively the Yang-Mills gauge potential and its

associated field-strength.

Given any representations (ρ, V ) for H one built the associated bundle E = P ×ρ V
overM whose sections Γ(E) are in one to one correspondence with V -valued H-equivariant

maps ϕ : P → V , i.e satisfying R∗hϕ = ρ(h)−1ϕ. These represent matter fields. The

connection form induces a covariant derivative on this space of maps/sections, Dϕ =

dϕ + ρ∗(ω)ϕ — where the pushforward ρ∗ is the representation map of h on V — which

represents the minimal coupling between the gauge potential and matter fields.

The diffeomorphisms of P that preserve its fibration form the group of vertical auto-

morphisms Autv(P) := {Φ ∈ Diff(P) | π ◦ Φ = π & Rh ◦ Φ = Φ ◦Rh}. It is isomorphic to

the gauge group H := {γ : P → H | R∗hγ = h−1γh}, the isomorphism being Φ(p) = pγ(p).

The gauge transformations of the basic field variables are then defined as,

ωγ := Φ∗ω = γ−1ωγ + γ−1dγ, Ωγ := Φ∗Ω = γ−1Ωγ,

ϕγ := Φ∗ϕ = ρ(γ−1)ϕ, and (Dϕγ) := Φ∗Dϕ = ρ(γ−1)Dϕ = Dγωγ . (2.1)

A physical gauge theory is given by an action functional S =
∫
M L, with L = L(A,ϕ) a

Lagrangian m-(pseudo) form onM which is required to be gauge-invariant — L(Aγ , ϕγ) =

L(A,ϕ) — or pseudo-invariant, i.e invariant up to an exact form — L(Aγ , ϕγ) = L(A,ϕ) +

dα(A,ϕ, γ).

Given this geometric and gauge theoretic setup, the essential proposition of the DFM

is the following.

Proposition 1. Let K and G be subgroups of H such that (s.t) K ⊆ G ⊆ H. Note K ⊆ H
the gauge subgroup associated to K. Suppose there exists a map u : P → G defined by

its K-equivariance: R∗ku = k−1u, ∀k ∈ K, or equivalently by its K-gauge transformation:

uγ = γ−1u, ∀γ ∈ K. Such a map, that we call a dressing field, allows to define the

composite fields

ωu := u−1ωu+ u−1du, Ωu = u−1Ωu = dωu +
1

2
[ωu, ωu],

ϕu := ρ(u−1)ϕ and Duϕu = ρ(u−1)Dϕ = dϕu + ρ∗(ω
u)ϕu, (2.2)

which are K-invariant, K-horizontal and therefore project (live on) the quotient subbundle

P/K ⊂ P.

The first thing to make clear is that despite the formal resemblance, (2.2) must not be

confused with (2.1). To perform a dressing operation is not to perform a gauge transfor-

mation, a composite field is not a gauge transform of a gauge variable. This is obvious if

one is attentive to the fact that a dressing field, given its defining equivariance property,

cannot be an element of the gauge group (H) or one of its subgroup (K). As a matter of

fact, the composite fields (2.2) do not even belong to the original space of gauge variables.
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For example, ωu has trivial K-equivariance and is K-horizontal, which implies that it is no

longer a connection on P. In particular this means that to perform a dressing is certainly

not equivalent to fixing a gauge, i.e to select a single representative in the gauge orbit of

any one gauge variable.

Locally, on U ⊂ M, keeping u to denote the local dressing field (instead of σ∗u) and

considering ϕ as a section (not a map on P), the local K-invariant composite fields can be

defined likewise: Au = u−1Au + u−1du and ϕu = ρ(u−1)ϕ. So if a H-gauge theory is a

priori given by L(A,ϕ), but a (local2) K-dressing field exists, then — using the invariance

of the Lagrangian which holds as a formal property — one can rewrite the theory in terms

of K-invariant variables as L(A,ϕ) = L(Au, ϕu). This shows that our theory is actually a

H/K-gauge theory. Part of the gauge symmetry was spurious and could be eliminated by

a change of field variables.

2.2 Residual gauge symmetries

The next interesting question concerns the residual gauge symmetries exhibited by the

composite fields. For this question to even make immediate sense it is necessary to assume

that K is not merely a subgroup but a normal subgroup of H, K /H, so that the quotient

H/K is a group in its own right, that we note J for convenience. The quotient subbundle

P/K is then a J-principal bundle P ′(M, J) on which live the composite fields (2.2). Note

J the associated gauge group.

The action of J on the original gauge variables is known, so its action on the composite

fields obviously depends on how it affects the dressing field. The first nice possibility is

as follows.

Proposition 2. Suppose the K-dressing field u has J-equivariance given by R∗ju = j−1uj,

∀j ∈ J , or equivalently has J -gauge transformation uγ
′

= γ′−1uγ′, ∀γ′ ∈ J . Then ωu is

a J-principal connection on P ′ with curvature Ωu, and ϕu is a J-equivariant map on P ′

acted upon by the covariant derivative Du = d + ρ∗(ω
u). The J -gauge transformation of

the K-invariant composite fields is then as in (2.1),

(ωu)γ
′

= γ′
−1
ωuγ′ + γ′

−1
dγ′, (Ωu)γ

′
= γ′

−1
Ωuγ′,

(ϕu)γ
′

= ρ
(
γ′
−1
)
ϕu and (Duϕu)γ

′
= ρ

(
γ′
−1
)
Duϕu. (2.3)

The composite fields are standard gauge fields, albeit for a smaller gauge symmetry group,

and are amenable to all manner of usual theoretic tortures.

The next intriguing possibility is a variation on this. Consider a map C : P ′× J → G,

(p, j) 7→ Cp(j), satisfying Cp(jj
′) = Cp(j)Cpj(j

′). It induces a map C(γ′) : P ′ → G,

p 7→ Cp (γ′(p)).

Proposition 3. Suppose the K-dressing field u has J-equivariance given by R∗ju =

j−1uC(j), ∀j ∈ J , or equivalently has J -gauge transformation uγ
′

= γ′−1uC(γ′), ∀γ′ ∈ J .

2Here ‘local’ is meant in the sense of field theory, not simply to express the fact that it is defined on

U ∈ M. We refer to [13] regarding the importance of this precision.
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Then ωu is a generalized connection (call it a twisted connection) whose curvature Ωu is

AdC(J)-tensorial, and ϕu is a ρ (C(J))-equivariant map on P ′ acted upon by the covariant

derivative Du = d+ ρ∗(ω
u). The J -gauge transformation of the composite fields are then,

(ωu)γ
′

= C(γ′)−1ωuC(γ′) + C(γ′)−1dC(γ′), (Ωu)γ
′

= C(γ′)−1ΩC(γ′),

(ϕu)γ
′

= ρ
(
C(γ′)−1

)
ϕu and (Duϕu)γ

′
= ρ

(
C(γ′)−1

)
Duϕu. (2.4)

The composite fields behaves as gauge fields of a new kind, implementing the gauge principle

of field theory.

In both situations described, the philosophy of the DFM still applies, meaning we

might want and be able to further reduce the residual gauge symmetry at hand.

Proposition 4. Suppose indeed that a J -dressing field is available: u′ : P ′ → J , satisfying

R∗ju
′ = j−1u′, ∀j ∈ J , or u′γ

′
= γ′−1u′, ∀γ′ ∈ J . It can be used to dress the compos-

ite fields (2.2) and compensate for the transformation (2.3). In order not to spoil the

K-invariance obtained after the first dressing, u′ must satisfy the compatibility condition

R∗ku
′ = u′, ∀k ∈ K, or equivalently u′γ = u′, ∀γ ∈ K.

Given such u′, the map C(u′) : P ′ → G is a C(J)-dressing field satisfying R∗jC(u′) =

C(j)−1C(u′) or equivalently C(u′)γ
′

= C(γ′)−1C(u′). It can be used to dress the composite

fields (2.2) and compensate for the transformation (2.4). In order not to spoil the K-

invariance obtained after the first dressing, the map C(j) : P ′ → G must satisfy R∗kC(j) =

C(j), or equivalently C(j)γ = C(j).

In both situations, the composite fields χuu
′

= (χu)u
′

or χuC(u′) = (χu)C(u′), with

χ = {ω,Ω, ϕ}, are H-invariant.

3 Tractors and twistors from gauge reduction of the conformal Cartan

geometry

It can be shown that the conformal tractor and twistor bundles can be obtained as end-

products of gauge reduction via dressing of associated bundles of the conformal Cartan

geometry, and that the standard tractor and twistor connections are really just represen-

tations of the dressed (normal) Cartan connection.3 As a matter of fact the dressing field

approach has two advantages: first, it allows to generalize seamlessly tractor and twistor

calculi to conformal manifolds with torsion. Secondly, it reveals that tractors and twistors

are not sections of usual associated bundles coming from a representation of the struc-

ture group of a principal bundle, but that they are representatives of gauge fields of a

3Let us notice that the terms tractors and twistors nowadays assume a much broader conceptual meaning

in the theory of parabolic geometries, of which conformal Cartan geometry is but one instance. According

to [9] for example, any associated bundle to the principal bundle of a Cartan geometry is termed a tractor

bundle. Likewise twistor theory has been generalized beyond conformal geometry. But throughout this

paper we are interested in the standard conformal tractor bundle and its tractor connection as defined

and constructed in [6] or [15], and in the original notion of local twistor bundle and its twistor connection

essentially as presented in [16] and [17].
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non-standard kind as they are sections of twisted bundles constructed not through a rep-

resentation but through a twisting map C as described above. In the following we describe

these results as synthetically as possible, and refer back to [14, 18] for further details.

We work over a 4-dim (spin) manifold M. The conformal Cartan geometry is the

bundle P(M, H) whose structure group is a subgroup of the conformal group SO(2, 4) —

which preserves the metric Σ =
( 0 0 −1

0 η 0
−1 0 0

)
, where η is the Minkowski metric with signature

(+−−−). It is given by [8]

H = K0 nK1 =

{(
z 0 0
0 S 0
0 0 z−1

)( 1 r 1/2rrt

0 14 rt

0 0 1

)∣∣∣∣ z ∈ R+
∗ , S ∈ SO(1, 3), r ∈ R4∗

}
.

One has rt = (rη−1)T (the operation T is the usual matrix transposition). The group K1

is the abelian group of conformal boost, R4∗ is the dual of R4. This bundle is endowed with

a Cartan connection, a g-valued 1-form, where g = g−1 + g0 + g1 = so(2, 4), [gi, gj ] ⊂ gi+j ,

is the graded Lie algebra of the conformal group. In matrix representation,

g=

{(
ε ι 0
τ s ιt

0 τ t −ε

)∣∣∣∣ {ε∈R,s∈ so(1,3)}' g0, ι∈R4∗' g1, τ ∈R4' g−1

}
⊃ h=

{(
ε ι 0
0 s ιt
0 0 −ε

)}
.

Working locally, the Cartan connection $ ∈ Λ1(U , g) and its curvature Ω have the matrix

form $ =

(
a P 0
θ A P t

0 θt −a

)
, where θ is the soldering form, and Ω = d$+$2 =

(
f C 0
Θ W Ct

0 Θt −f

)
. The

standard representation of H allows to built the real vector bundle E = P ×H R6 whose

sections are (equivalent to) H-equivariant maps on P with local expression ϕ : U ⊂ M→
R6, given explicitly as column vectors ϕ =

( ρ
`
σ

)
, where ` = `a ∈ R4, ρ ∈ R and σ ∈ R∗.

The covariant derivative on such maps is Dϕ = dϕ+$ϕ.

There is a complex representation of H, from the double cover group morphism H̄
2:1−−→

H, with

H̄ = K̄0 n K̄1 :=

{(
z1/2S̄−1∗ 0

0 z−1/2S̄

)(
12 −ir̄
0 12

)∣∣∣∣ z ∈ R+
∗ , S̄ ∈ SL(2,C), r̄ ∈ Herm(2,C)

}
.

(3.1)

It is induced by the vector space isomorphism R4 → Herm(2,C) = {M ∈ M2(C) | M∗ =

M}, x 7→ x̄ = xaσa — where ∗ means transconjugation, σ0 = 12 and σk={1,2,3} are Pauli

matrices — and by the double covering group morphism Spin(1, 3) ' SL(2,C)
2:1−−→ SO(1, 3),

S̄ 7→ S. This also induces the double cover Spin(2, 4) ' SU(2, 2)
2:1−−→ SO(2, 4), where

SU(2, 2) is the group preserving the metric Σ̄ =
(

0 12
12 0

)
, which in turn implies the Lie

algebra isomorphism so(2, 4) = g→ su(2, 2) = ḡ with

ḡ =

{(
−(s̄∗−ε/21) −i ῑ

iτ̄ s̄−ε/21

)∣∣∣∣ ε ∈ R, s̄ ∈ sl(2,C) and ῑ, τ̄ ∈ Herm(2,C)

}
.

The Cartan connection then has the complex representation $̄ =
(
−(Ā∗−a/21) −iP̄

iθ̄ Ā−a/21

)
, and

similarly its curvature is Ω̄ =
(
−(W̄ ∗−f/21) −iC̄

iΘ̄ W̄−f/21

)
. The associated complex vector bundle

E = P ×H̄ C4 has sections equivalent to H̄-equivariant maps on P with local expression

– 6 –
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ψ : U ⊂M→ C4, given explicitly as ψ =
( π
ω

)
, where π and ω ∈ C2 are dual Weyl spinors.

The covariant derivative on such maps is D̄ψ = dψ + $̄ψ.

As a matter of fact, bare sections of E and E are not yet, respectively, tractors

and twistors (keeping in mind our remark in footnote 3). This is clear when one in-

spects the gauge transformations of ϕ and ψ under K0 = SO × W ⊂ H — where

W =
{
Z : U →W ⊂ K0 | Z =

( z 0 0
0 14 0
0 0 z−1

)}
is the group of Weyl rescalings — and compare

with the transformation laws of tractors and twistors in the literature: they are nothing

alike. Curiously, the correct laws can be recovered after a gauge symmetry reduction

via dressing.4

Indeed, from the Cartan connection itself one builds a (local) K1-dressing field u1 :

U → K1, explicitly u1 =

(
1 q 1/2qqt

0 1 qt

0 0 1

)
with q = qa = aµe

µ
a, where a = aµdx

µ and θa =

eaµdx
µ is the soldering form whose components are the tetrad field. From the K1-gauge

transformation of $ one checks that uγ1
1 = γ−1

1 u1, ∀γ1 ∈ K1, as is defining of a dressing

field. One then simply apply Proposition 1 and built the K1-invariant composite fields

$1 := u−1
1 $u1 + u1

−1du1, Ω1 = dω1 + ω1
2,

ϕ1 := u−1
1 ϕ, and D1ϕ1 = dϕ1 +$1ϕ1,

ψ1 := ū−1
1 ψ, and D̄1ψ1 = dψ1 + $̄1ψ1.

(3.2)

Their residual gauge symmetry group is obviously K0, but what is the explicit transforma-

tion law? The undressed field variables being standard gauge fields, we only need to find

the K0 transformation of the dressing field u1.

Given the gauge transformation of $ under SO =
{
S : U → SO(1, 3) | S =

(
1 0 0
0 S 0
0 0 1

)}
,

one finds that uS
1 = S−1u1S. This is an instance of Proposition 2, so one concludes that the

above composite fields are genuine standard SO-gauge fields with transformations given

by the usual relations (2.3).

Following the same logic by considering next the gauge transformation of $ under W,

one easily finds that uZ1 = Z−1u1C(z) where the twisting map C(z) : U ⊂M→ K1W ⊂ H

is explictly given as C(z) :=

(
z Υ(z) z−1/2Υ(z)2

0 14 z−1Υ(z)t

0 0 z−1

)
, with Υ(z) = Υ(z)a := z−1∂µz e

µ
a, and

Υ(z)2 = Υ(z)Υ(z)t. Notice that C(z′)C(z) 6= C(z′z), but instead one has C(z′z) =

C(z′)Z ′−1C(z)Z ′. It is a particular case of Proposition 3, so one concludes that the

composite fields (3.2) are non-standardW-gauge fields with transformations given by (2.4).

Furthermore, the relation ϕZ1 = C(z)−1ϕ1 is precisely the right rescaling law for a tractor

field, and ψZ1 = C̄(z)
−1
ψ1 — with C̄(z) =

(
z1/212 −i z−1/2Ῡ(z)

0 z−1/212

)
— is the rescaling law for

a twistor.

The immediate implication is that $1 is a generalization of the so-called tractor con-

nection, and that $̄1 is likewise a generalization of the twistor connection, since their

4Alternatively, the transformation law for the standard tractor connection (and tractors) can be recovered

via the notion of Weyl structure, a concept associated to any parabolic geometries. The reader can consult

chapter 5 of [9] for further details, and is invited to weigh up the respective merits of both approaches. A

proof of formal equivalence between the data of a Weyl structure and of a dressing field (as described in

Proposition 2) for |1|-graded parabolic geometries is given in appendix A below.
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torsion Θ is non zero. Only when one dresses the (unique) normal Cartan connection $N

— depending only on the d.o.f of θ [8] — do we end-up with the usual tractor $N,1 and

twistor $̄N,1 connections. Explicitly, $N,1 =

(
0 P1 0
θ A1 P t

0 θt 0

)
with θ the soldering form, A1 the

Lorentz/spin connection, and P1 the Schouten 1-form. The curvature is ΩN,1 =

(
0 C1 0
0 W1 Ct1
0 0 0

)
,

with W1 the Weyl 2-form and C1 the Cotton 2-form. Again, we refer to [14, 18] for a more

detailed account.

Notice that the dressed Cartan connection induces a conformal class of metric c = [g]

on M via its soldering part. Indeed if $1 induces, via θ, the metric g := eT ηe, then

$Z
1 induces via θZ = zθ the metric z2g. Nevertheless it is the normal Cartan geometry

(P, $N,1) which is truly equivalent to the data of the conformal manifold (M, c).

4 A dressing field for the Weyl gauge symmetry

So far so good. Interestingly, it is possible to perform still another gauge reduction on

this tractor-twistor geometric set-up: this time we can erase the Weyl gauge symmetry.

The explicit Weyl rescaling law for the tractor field ϕ1 =
( ρ1

`1
σ

)
is: ϕZ1 = C(z)−1ϕ1 =(

z−1(ρ1−Υ(z)`1+σ/2Υ(z)2)
`1−Υ(z)tσ

zσ

)
. Remark that the trator field supplies a candidate dressing field

for the Weyl gauge symmetry, otherwise known as a dilaton. Indeed defining φ := σ−1,

we have φz = z−1φ, ∀ z : U → R+
∗ , which is the defining property of a dressing field. It

is by the way clear that φγ1 = φ. Also, C(z) depends only on e = eaµ which satisfies

eγ1 = e, so that C(z)γ1 = C(z). Therefore, by Proposition 3 the map C(φ) : U → K1W ,

given by C(φ) =

(
φ Υ(φ) φ−1/2Υ(φ)2

0 14 φ−1Υ(φ)t

0 0 φ−1

)
with Υ(φ) = Υ(φ)a := φ−1∂µφ eµa, satisfies both

C(φ)W = C(z)−1C(φ) and C(φ)γ1 = C(φ). It is thus a dressing field adequate for the

purpose of erasing the residual Weyl gauge symmetry of the composite fields (3.2) while

preserving their conformal boost invariance. Applying then again Proposition 1, eq. (2.2),

one defines the following K1- and W-invariant composite fields

$ := C(φ)−1$1C(φ) + C(φ)−1dC(φ), Ω = d$ +$2,

ϕ := C(φ)−1ϕ1, and Dϕ = dϕ+$ϕ,

ψ := C̄(φ)−1ψ1, and D̄ψ = dψ + $̄ψ.

(4.1)

We have explicitly $ =

(
0 P 0
θ A P t

0 θt 0

)
=

(
0 φ−1(P1+∇Υ(φ)−Υ(φ)θΥ(φ)+1/2Υ(φ)2θt) 0

φθ A1+θΥ(φ)−Υ(φ)tθt ∗
0 φθt 0

)
, which

induces via its Weyl-invariant soldering form θ the invariant Lorentzian metric g = φ2g

on M. Also, the invariant tractor field is now ϕ =
( ρ
`
1

)
, and has manifestly one less d.o.f

than its undressed counterpart.

Quite obviously, there now remains only the Lorentz gauge group SO. The question

is how the fields (4.1) behaves w.r.t. this residual symmetry. Since it is already established
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that the K1-invariant fields (3.2) are genuine standard SO-gauge fields, it is only necessary

to consider the Lorentz transformation of the dressing field C(φ). It is easily checked that

C(φ)S = S−1C(φ)S, so by Proposition 2 the K1- andW-invariant composite fields (4.1) are

genuine standard SO-gauge fields, therefore transforming according to (2.3):

$S = S−1$S + S−1dS, ΩS = S−1ΩS,

ϕS = S−1ϕ, and (Dϕ)S = S−1Dϕ,

ψS = S̄−1ψ, and (D̄ψ)S = S̄−1D̄ψ.

(4.2)

At this point, several interesting observations can be made. First, it is striking that

the Weyl-dressed twistor ψ, which now only supports Lorentz gauge transformations via

S̄O =

{
S̄ : U → SL(2,C)⊕ SL(2,C)∗ | S̄ =

(
S̄−1∗ 0

0 S̄

)}
, can then be interpreted as a Dirac

spinor field.

Furthermore, let us highlight — even if that might seem obvious to some readers — that

the underlying geometric set-up of the twistor sector provides a preferred choice of basis

for gamma matrices. Indeed, the Lie algebra isomorphism so(2, 4) → su(2, 2) necessary

for the construction of the twistor sector induces the vector space isomorphism R4 →
ḡ−1⊕ḡ1 ⊂ su(2, 2), given explicitly by x = xaba 7→

(
0 ix̄t
ix̄ 0

)
= i√

2
xa
(

0 σ̃a
σa 0

)
= i√

2
xaγa . The

gamma matrices γa :=

{
γ0 =

(
0 σ0
σ0 0

)
, γk =

(
0 −σk
σk 0

)
|k=1,2,3

}
are otherwise known as the

Weyl — or chiral — basis. From this isomorphism follows that they Lorentz transform

via γS
a = (S−1)baγb = S̄−1γaS̄. As it should, they satisfy the Clifford algebra relation

{γa,γb} = 2ηab14. The hermiticity properties γ∗0 = γ0 and γ∗k = −γk, are here necessary

and do not result from an arbitrary convenient choice (as is sometimes the case in the

physics literature). The fact that 1
2 [γaγb] — the so-called spin operator σab [19] — is

a basis of sl(2, ) ⊕ sl(2,C)∗ ⊂ ḡ0 simply reflects the graded structure of su(2, 2) = ḡ:

[ḡ−1, ḡ1] ⊂ ḡ0. The fifth gamma matrix γ5 := iγ0γ1γ2γ3 =
(
12 0
0 −12

)
satisfies γ∗5 = γ5. By

the way, γa := ηabγb =
(

0 σa
σ̃a 0

)
=

{
γ0 = γ0 =

(
0 σ0
σ0 0

)
, γk = −γk =

(
0 σk
−σk 0

)
|k=1,2,3

}
,

so γ5 = −γ5. As is then usual, one defines the chiral projectors PL := 1
2(14 + γ5) and

PR := 1
2(14 − γ5), so that ψL = PLψ = ( π0 ) and ψR = PRψ = ( 0

ω ). By a slight abuse of

notation one can then rewrites the Weyl-invariant twistor like a Dirac spinor ψ =
(
ψL
ψR

)
.

Notice that the Lorentz part of the dressed Cartan connection $, A =
(

0 0 0
0 A 0
0 0 0

)
, maps

to the complex representation Ā =
(
−Ā∗ 0

0 Ā

)
. We have therefore the Lorentz covariant

derivative acting on spinors: Dψ := dψ+ Āψ, as a piece of the invariant Cartan derivative

D̄ψ. Defining the gamma 1-form γ = γaθ
a = γae

a
µdx

µ =: γµdx
µ — where γµ are

sometimes called “curved-space gamma matrices” and satisfy {γµ,γν} = 2gµν14 — one

can build the Dirac operator m-form /Dψ = γ∧∗gDψ = γµDµψ vol, where ∗g is the Hodge

star operator associated with the invariant Lorentzian metric g and vol =
√
|g|dx4 is the

volume form onM. Thanks to the group metric Σ̄ of SU(2, 2), one can then naturally write

a Lagrangian for the (massless) Dirac field ψ: LDirac(ψ, Ā) = 〈ψ, /Dψ〉 = ψ∗Σ̄/Dψ = ψ̄ /Dψ.

Notice that the usual definition for the Dirac adjoint spinor ψ̄ = ψ∗γ0 — initially suggested
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by Bargmann instead of the problematic curved-space version ψ∗γa(e−1) 0
a [20]5 — is

automatic here due to the welcomed fact that γ0 = Σ̄.6

Let us pause to take stock of our main results. We considered the most general geo-

metric framework for conformal gauge theory, i.e. the conformal Cartan bundle P(M, H)

endowed with a Cartan connection $ and the naturally associated real E and complex E

vector bundles. We showed that a first symmetry reduction via dressing allows to recover

the standard conformal tractor bundle Eu1 = T and twistor bundles Eu1 = T where tractor

and twistor connections (with torsion) are naturally induced by the dressed Cartan con-

nection $1. Then we observed that the tractor field ϕ1 provides a dilaton, which is a local

Weyl-dressing field, so that a Weyl gauge symmetry reduction via dressing is possible. As

output we obtain E whose sections are Weyl-invariant tractors, and E whose sections are

Weyl-invariant twistors, which actually have all the characteristics of Dirac spinors describ-

ing fermion fields. We are left with only a residual Lorentz gauge symmetry as relevant,

and no SSB was necessary: the symmetry reductions were non-dynamically achieved, via

dressing. The import of this fact is discussed in section 5. But before this, let us offer a

simple illustrative toy model for the reader’s consideration.

It is a striking fact that the SU(2) × U(1) electroweak model can be treated via the

DFM: a dressing field is extracted from the C2-scalar field, allowing to erase SU(2) and

leaving only a U(1) residual gauge symmetry. The (dressed) scalar field embedded in a

potential gives mass to the (dressed) gauge and matter fields via its (unique) non-vanishing

VEV. The notion of SSB never appears here. See [12, 21] for a technical account and [13]

for a philosophical discussion of this alternative approach. Given the analogy with the

present situation, one can consider the most natural Lagrangian for the conformal Cartan

geometry that would imitate the electroweak model:

L($,ϕ, ψ) =
1

2
Tr(Ω ∧ ∗gΩ) + 〈Dϕ, ∗gDϕ〉 − V (ϕ) + 〈ψ, ∗g /̄Dψ〉 − |ϕ|〈ψ, ∗gψ〉. (4.3)

The R6-field ϕ is the analogue to the C2-scalar field and is embedded in the potential

V (ϕ) =
(
α〈ϕ,ϕ〉+ β〈ϕ,ϕ〉2

)
vol, where for the usual reasons α is an unconstrained real

parameter while β > 0. The last term is a Yukawa-type coupling where |ϕ|2 := 〈ϕ,ϕ〉 =

ϕTΣϕ.

A priori this Lagrangian describes a conformal H = K0 n K1-gauge theory. But

according to our discussion following Proposition 1, given that there is a K1-dressing field

u1, the Lagrangian can be rewritten as

L($1,ϕ1,ψ1) =
1

2
Tr(Ω1∧∗gΩ1)+〈D1ϕ1,∗gD1ϕ1〉−V (ϕ1)+〈ψ1,∗g /̄D1ψ1〉−|ϕ1|〈ψ1,∗gψ1〉,

(4.4)

which is a K0-gauge theory involving the tractor field ϕ1 and the twistor field ψ1, both a

priori massless.

5As quoted by Pauli in [33] p.340 (in German). A textbook account is [34] p.268. See also [19] or [35].
6An incidental fact that should not obscure the conceptual distinction that γa are linear operators on

the space of spinors while Σ̄ defines an hermitian form on it. This speaks in favor of the view proposed here.
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But it is not over yet. Given that we also have a dressing field for the Weyl symmetry,

the ‘super-dilaton’ C(φ) (with value in K1W ⊂ H), the Lagrangian is further rewritten as

L($,ϕ,ψ) =
1

2
Tr(Ω ∧ ∗gΩ) + 〈Dϕ, ∗gDϕ〉 − V (ϕ) + 〈ψ, ∗g /̄Dψ〉 − |ϕ|〈ψ, ∗gψ〉. (4.5)

It is actually a SO-gauge theory! It involves a Weyl-invariant tractor ϕ and the Dirac

spinor ψ, both coupled to a Weyl-invariant conformal-type gravitational field $ whose

dynamics is given by the Yang-Mills-type term.7 The potential function V : R6 → R
has differential (in the sense of multivariable calculus) dVϕ = 2 (α+ 2β〈ϕ,ϕ〉) 〈ϕ|. The

potential is thus extremal either for ϕ = 0 or for ϕ0 s.t 〈ϕ0,ϕ0〉 = − α
2β . The minimum

of the potential is reached for the latter, which is then the so-called vacuum expectation

value (VEV). The invariant tractor ϕ therefore endows both the gravitational and matter

fields with masses through its non vanishing VEV. In particular the Dirac spinor ψ has a

mass m =
√
− α

2β .

Notice that this is achieved not by breaking the Weyl symmetry, which is erased via

dressing, but via spontaneous breaking of the only physically relevant symmetry in the

model: the Lorentz gauge symmetry. A phenomenon for which there is also room for in

some models describing the Planck era of the early Universe in string theory, loop quantum

cosmology, and even the more conservative Standard Model Extension (SME), and whose

low energy relics could be within experimental reach [22–24]. Since Lorentz violation is

related to CPT violation [25], it could be part of the explanation of the matter-antimatter

asymmetry in the Big Bang baryogenesis [26, 27].8

5 Discussion

The above Lagrangian is quite natural but obviously a rough toy model, proposed mostly

to sharpen the skepticism of the reader interested in Weyl/scale invariant models where

the Weyl gauge symmetry is subsequently spontaneously broken. This toy model shows

that one can have a Weyl symmetry that is neither spontaneously broken nor gauge fixed,

but erased by an adequate redistribution of the d.o.f via dressing.

In this respect, and as a comment on existing literature, we highlight that our main

results support the analysis of Jackiw and Pi [11] who assert that the Weyl symmetry

in recently introduced cosmological models, notably [2], is ‘fake” and has no dynamical

consequences. They supported their claim by showing that in these models the Noether

current associated with the Weyl symmetry vanishes. But this same argument would lead

to claim that the Weyl symmetry in Weyl/conformal gravity is fake as well: indeed, almost

simultaneously Campigotto and Fatibene have shown [28] that the Noether current also

7The latter reduces to the standard Weyl-squared gravity 1
2
Tr(W ∧∗gW ) when we restrict to the normal

Cartan connection.
8In this respect, one remarks that another natural term that could be added in the Lagrangian (4.5)

(but not in (4.3) and (4.4) since it would explicitly break the K1 and W symmetries) is −〈ψ, ϕ̄ψ〉, where

the invariant tractor ϕ is mapped to ϕ̄ :=
(
ρ12 i

¯̀t

i¯̀ 12

)
so that S−1ϕ 7→ S̄−1ϕ̄S̄. It contains the term

−i√
2
`a〈ψ,γaψ〉 = −i√

2
`aψ̄γaψ which is the kind of Lorentz and CPT breaking terms appearing in the SME.
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vanishes there. In our view Jackiw and Pi are right, but the crucial argument is that in

the models they discuss, a local dressing field — the dilaton — could be used to erase the

Weyl symmetry, while there is no such dressing field in Weyl gravity. As they themselves

remark at the end of their paper:

Introducing a spurion field and dressing up a model to appear gauge invariant

is what we call a fake gauge invariance. [. . . ] It will be interesting to find the

symmetry current in a conventional Weyl invariant model, built on the square

of the Weyl tensor. There the symmetry is again local, but no scalar field is

present to absorb the “gauge freedom.”

What they call a fake gauge symmetry is otherwise known as an artificial gauge sym-

metry in philosophy of physics. In this field, the distinction artificial vs substantial gauge

symmetries is very significant and a direct outgrowth of the long standing reflexion re-

garding the physical meaning of general covariance in General Relativity that was required

to address the notorious Kretschmann objection [29, 30]. It happens that the DFM pro-

vides a simple criterion to detect artificial gauge symmetries: If a theory contains a local

dressing field, then its gauge symmetry is artificial [13]. In that regard, Jackiw and Pi

correctly point out that in the models under study, the dilaton is a local dressing field

(which they call a spurion field) so that the Weyl symmetry is artificial, or fake. Whereas

in Weyl/conformal gravity there is no such local dressing field, so its Weyl symmetry is a

substantial gauge symmetry. Similar observations in the same period have been made by

Hertzberg [31] and are likewise plainly interpreted within the framework of the DFM and

the present work. More recent papers by ‘t Hooft [3, 32], where Weyl symmetry is sup-

posed to be spontaneously broken, are also vulnerable to the same objection: The dilaton

introduced is a local dressing field, the Weyl symmetry of the model is then artificial and is

therefore of questionable physical meaning. We hope to have provided and illustrated here

a handy diagnostic tool to detect spurious gauge symmetries that might occur in model

building, be it in cosmology or beyond SM physics.
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A Dressing fields and Weyl structures

Here, we show that for a |1|-graded parabolic Cartan geometry, the notions of Weyl struc-

ture and of dressing field with residual equivariance as specified in Proposition 2 are for-

mally equivalent.

Let us first describe a |1|-graded parabolic geometry. Suppose we have a group G with

graded Lie algebra g = g−1 + g0 + g1, let H ⊂ G with LieH = g0 + g1 be the parabolic
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subgroup. The principal bundle P(M, H) is a parabolic geometry of type (G,H). The

conformal Cartan geometry is an example of |1|-graded parabolic geometry.

Now, the subbundle P0(M, G0), where LieG0 = g0, is realized as P0 = P/K where

LieK = g1 and K / H. So there is a principal bundle P → P0 with structure group K.

A (global) Weyl structure for the parabolic geometry P is a global section σ : P0 → P
with G0-equivariance R∗gσ = Rg ◦ σ, ∀g ∈ G0. Such a global Weyl structure for a parabolic

geometry always exists (see section 5.1 in [9]).

A K-dressing field with residual equivariance as in Proposition 2 is a map u : P → K

with K-equivariance R∗ku = k−1u, ∀k ∈ K, and with G0-equivariance R∗gu = g−1ug,

∀g ∈ G0. We can now proceed to show that given such u one can obtain a σ, and vice versa.

⇒ A dressing field as above induce the trivialization:

φu : P → P/K × K

p 7→
(
pu(p), u(p)−1

)
pk 7→

(
pku(pk), u(pk)−1

)
=
(
pu(p), u(p)−1k

)
pg 7→

(
pgu(pg), u(pg)−1

)
=
(
pu(p)g, g−1u(p)−1g

)
.

Now, a trivialization allows to define a global section and vice versa. Here we define

σu : P/K → P by:

φ−1
σu : P/K × K → P(

pu(p), u(p)−1
)
7→ pu(p) · u(p)−1 =: σu (pu(p))(

pku(pk), u(pk)−1
)

=
(
pu(p), u(p)−1k

)
7→ pk =: σu (pu(p)) k(

pgu(pg), u(pg)−1
)

=
(
pu(p)g, g−1u(p)−1g

)
7→ σu (pu(p)g) = pg = σu (pu(p)) g.

Thus we indeed obtain the G0-equivariance property R∗gσu = Rg ◦ σu.

⇐ Suppose we have a G0-equivariant global section σ : P/K → P, it induces the corre-

sponding trivialization:

φ−1
σ : P/K ×K → P

(x, e) 7→ σ(x)

(x, k) 7→ σ(x)k

(xg, e) = (xg, g−1eg) 7→ σ(xg) = σ(xg)g−1eg = σ(x)g

(xg, g−1kg) 7→ σ(xg)g−1kg = σ(x)kg.

In the last two equalities of the last two rows, the equivariance property of σ is used. A

K-dressing field is thus defined via:

uσ : P → K,

σ(x) 7→ uσ
(
σ(x)

)
= e−1

σ(x)k 7→ uσ
(
σ(x)k

)
= k−1 = k−1e−1 = k−1uσ

(
σ(x)

)
σ(x)g 7→ uσ

(
σ(x)g

)
= e−1 = g−1e−1g = g−1uσ

(
σ(x)

)
g

σ(x)kg 7→ uσ
(
σ(x)kg

)
= g−1k−1g = g−1uσ

(
σ(x)k

)
g.
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Thus we obtain indeed the defining property of a K-dressing fied, R∗kuσ = k−1uσ, and its

residual G0-equivariance R∗guσ = g−1uσg, as in Proposition 2.

Notice however the following fact. Given forms αi on P which is endowed with a Weyl

structure σ, they can be pulled-bak on P/K ⊂ P as ai := σ∗αi. But as a section, σ

supports a K-action: given Ψ ∈ AutKv (P) acting as Ψ(p) = pk(p) with k ∈ K, another

Weyl structure is given by σ̂(x) = Ψ
(
σ(x)

)
= σ(x)k

(
σ(x)

)
. Therefore, the ai’s support an

action by the gauge group K defined by: aki := Ψ∗ai = σ̂∗αi 6= ai.

The composite fields defined in Proposition 1 can be obtained as pullbacks via the

map fu : P → P/K ⊂ P defined by fu(p) := pu(p). By construction, the latter satisfies:

fu ◦ Ψ(p) = fu(pk(p)) = pk(p)u
(
pk(p)

)
= pk(p)k(p)−1u(p) = pu(p) = fu(p). Therefore,

the composite fields αui := f∗uαi are by construction K-gauge invariant: (αui )k := Ψ∗(αui ) =

Ψ∗f∗uαi = (fu ◦Ψ)∗αi = f∗uαi =: αui .

So, despite the fact that in the specific case of a |1|-graded parabolic geometry P, a

dressing field with particular residual G0-equivariance is equivalent to a Weyl structure,

what is achieved by the former is distinct from what is achieved via the latter. This

highlights again the general feature that the DFM is a non-dynamical gauge reduction

scheme, which is the crucial point of the argument presented in this paper regarding the

physical (ir)relevance of (artificial/fake) gauge symmetries — Weyl symmetry in the case

at hand.

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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