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Abstract

The integration of distributed energy resources (DER) complicates the operation
of the power distribution grids, and the nodal voltage may violate frequently.
Making accurate predictions of the nodal voltage is fundamental for voltage
regulation of the distribution grid. Even though energy forecasting has been
widely studied, voltage is still a rarely touched area. This paper enriches the
research by proposing an ensemble approach for both deterministic and prob-
abilistic short-term nodal voltage forecasting. Specifically, a new joint model-
and data-driven feature selection is first performed to select the most relevant
features for distribution grid voltage forecasting. Then, different individual
forecasting models are trained using the selected features. On this basis, simple
weighted averaging and quantile regression averaging approaches are applied to
combine the individual models for deterministic and probabilistic forecasting,
respectively. Finally, case studies are conducted on a real-world distribution
grid to verify the effectiveness and superiority of the proposed method.

Keywords: nodal voltage forecasting, ensemble learning, quantile regression
averaging, distribution grids, situation awareness

1. Introduction

Energy forecasting is an essential part of the decision-making in power sys-
tems. Most energy forecasting works focus on electrical load, price, and renew-
able energy [1]. The integration of distributed energy resources (DER), such as
photovoltaics (PV) and electric vehicles (EV), complicates the operation states
of the power distribution grids, and the nodal voltage may violate frequently.
Thus, there is an incentive to have a real-time situation awareness of the whole
distribution grid, i.e., every physical state in the grid, including power injections,
power flows, and voltage magnitudes, to observe crucial security constraints [2].
Making accurate predictions of the nodal voltage is a critical part of the distri-
bution grid situation awareness and is fundamental for voltage regulation of the
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distribution grid [3]. Even though a massive number of works have been done
on energy forecasting, voltage forecasting is still a rarely touched topic.

If all electrical parameters and power injections of the distribution grid are
known, the nodal voltages can be indirectly computed. Thus, the nodal volt-
age forecasting can be implemented by first forecasting power injections (e.g.,
load and renewable energy) and then calculating the power flows. Bracale et
al. applied this strategy for voltage forecasting in [4]. The Bayesian-based ap-
proach was first proposed to predict the power production of wind, PV, and
electrical demands at different nodes. In a second step, probabilistic load flow
was performed to calculate the nodal voltages of the distribution grid. Actu-
ally, there are strong dependencies among the nodal power injections. Modeling
these complex dependencies in probabilistic load flow was not considered in that
work. Dobbe et al. proposed an approach to improve the real-time nodal volt-
age forecasting performance with a limited set of real-time measurements, where
a linear mapping relationship from load predictions to voltage predictions was
build based on recently developed linear approximations for unbalanced three-
phase power flow [5]. Hayes et al. presented three typical services in distribution
network energy management systems based on smart meter data, where fore-
casting voltage profiles in the low voltage network were one of them [6]. The
voltage profile prediction was implemented based on power injection forecasting
and energy management as well as network optimization. It should be noted
that indirect voltage forecasting and state estimation are distinct. The former
provides the values for the future, while the latter provides current values.

Indirect forecasting strategies are confronted with two salient challenges.
First, all nodal injections, including reactive power forecasts/estimations, should
be used for power flow calculation which is data-intensive, i.e., a lot of data has
to be gathered for voltage estimation. Second, if the uncertainties of nodal
voltages should be considered, modeling the complex dependencies among the
nodal power injections is necessary but nontrivial. Compared with indirect fore-
casting approaches, direct forecasting approaches model the voltage time-series
data itself. Dejamkhooy et al. applied Grey system theory-based models to
predict the nonstationary envelope voltage magnitude signal. In addition, they
used a so-called Fourier correction Grey Model (FGM) to model the residuals in
order to improve further the forecasting performance in [7]. However, the volt-
age magnitude data are measured at a frequency of several milliseconds that is
more suitable for transient analysis. Hassanzadeh et al. examined the spatial
and temporal correlation of the nodal voltage angles of the power systems to
which a large number of renewable resources and microgrids are connected in
[8]. The spatial and temporal correlations were then modeled by vector autore-
gressive (VAR) processes and used for nodal voltage angle forecasting. Several
regression models were applied for voltage forecasting in [9]. On this basis,
these regression methods are combined to produce higher accurate forecasts.
Zufferey et al. applied and compared two quantile regression models (quantile
neural network and quantile K-nearest neighbor) for nodal voltage magnitude
predictions, which were then applied for voltage regulation [10]. Note that the
nodal voltages are influenced by all the nodal injections and electrical param-
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eters of the power systems. The input features of the direct forecasting model
will be high-dimensional if lag values of all injections are considered. Feature
selection should be performed before training the forecasting model to reduce
model complexity and avoid overfitting risks.

Ensemble learning is an effective approach to improve forecasting perfor-
mance, which has been widely applied in energy forecasting. An ensemble
learning model for load forecasting that was able to select appropriate input
features adaptively was studied in [11], where the parameters of base models
were optimized using evolutionary algorithms. An enhanced ensemble struc-
ture using wavelet neural networks was proposed in [12] for short-term load
forecasting. The impact of renewable energy on price forecasts was first an-
alyzed in [13], and then a bootstrap aggregated-stack generalized architecture
was proposed for very short-term electricity price ensemble forecasting. Another
ensemble learning model was applied in [14] for probabilistic intraday electric-
ity price forecasting using simulating trajectories. A decomposition-ensemble
learning approach was studied in [15] to combine Complete Ensemble Empirical
ModeDecomposition (CEEMD) and Stacking-ensemble learning (STACK) for
wind power forecasting. In [16], an optimized stochastic ensemble method was
proposed for multi-step wind speed forecasting. Further, a hierarchical proba-
bilistic electric vehicle load forecasting approach was provided in [17] by using
a penalized linear quantile regression model. The efficient combination of mul-
tiple probabilistic forecasts was studied in [18]. Quantile regression averaging
(QRA) was proposed in [19] to combine point price forecasts into probabilistic
price forecasts. It was then applied for probabilistic load forecasting [20].

To this end, this paper proposes ensemble approaches for short-term nodal
voltage magnitude forecasting (which is simplified as voltage forecasting in the
following). The proposed approach has agile responsiveness to the time-varying
characteristic of the distribution grid from the ensemble learning perspective.
It first trains several nodal voltage forecasting models, where each model per-
forms joint model- and data-driven feature selection to improve the forecasting
performance. On this basis, two averaging models, i.e., simple weighted averag-
ing and quantile regression averaging, are proposed to combine these individual
forecasts in real-time for both deterministic and probabilistic nodal voltage fore-
casting. In this way, the proposed method can take full advantage of individual
forecasting models to further enhance the forecasting performance and produce
probabilistic forecasts. It should be noted that the main focus of this paper
includes two aspects, i.e., feature selection and ensemble learning. In the en-
ergy forecasting area, different advanced machine learning models have been
applied. For example, the long short-term memory (LSTM) neural network is a
powerful model that has been applied for PV forecasting [21], load forecasting
[22], wind power forecasting [23], and price forecasting [24]. These advanced
machine learning models will be the base models in our proposed framework.

This paper makes the following three main contributions:

1. This paper enriches the research on voltage forecasting by developing in-
dividual nodal voltage forecasting models with a joint model-driven and
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data-driven feature selection process.

2. Since ensemble learning has not been well studied for voltage forecasting,
this paper studies this problem by proposing simple weighted averaging
and quantile regression averaging ensemble approaches to combine the
individual models for deterministic and probabilistic voltage forecasting,
respectively.

3. This paper conducts comprehensive case studies and comparisons with a
significance test to statistically demonstrate the superiority of the pro-
posed method.

The remainder of this paper is organized as follows: Section 2 briefly de-
scribes the dataset to be studied in this paper. Section 3 introduces the frame-
work and technical details of the proposed methods for deterministic and prob-
abilistic nodal voltage forecasting. Section 4 conducts case studies and makes
comparisons to verify the superiority of our proposed method. Finally, section
5 draws conclusions and gives an outlook on future work.

2. Data Description

The dataset used for nodal voltage forecasting in this paper is introduced
here to easily show how our proposed method works. Note that the proposed
method is not limited to a certain dataset or distribution system.

The voltage forecasting is conducted on a distribution grid from a Swiss
distribution system operator (DSO). The dataset contains operational state in-
formation about the distribution grid (including voltage, power, and reactive
power injections and weather information) over one year with a quarter-hour
resolution. The distribution grid consists of 196 buses with 197 lines. These 196
buses can be divided into two transformer buses, seven cabinet buses, 88 load
buses, and 99 no-load buses. Bus #1 is disregarded for voltage forecasting for
the reason of being a root bus. Fig. 1 illustrates the voltage evolution of Bus
#3 over one year from 20 October 2016 to 19 October 2017. We can discern a
fairly stable voltage pattern over the whole dataset with some spikes around 28
August 2017. The one-year dataset is partitioned into three parts in this paper
for model training, ensemble learning, and testing with ratios 50%, 25%, and
25%, which is also shown in Fig. 1.

3. Proposed Methodology

This section first provides a framework of the proposed method and then
goes over the details, including individual model training and ensemble learning
for both deterministic and probabilistic voltage forecasting. The forecasting
horizon for all models is chosen as an hour ahead.
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Figure 1: Voltage of Bus #3 over one year and data partitions into model training, ensemble
learning, and testing sets.

3.1. Framework

The framework of the proposed methodology can be explained on the parti-
tioned datasets (DTrain, DEnsemble, DTest) as shown in Fig. 2. It contains two
main stages. The first stage ( 1○& 2○) consists of training individual models on
the dataset DTrain, which will be tested on dataset DEnsemble ∪DTest. In the
second stage ( 3○& 4○), the ensemble combines the base models by training on
dataset DEnsemble, which will be tested on dataset DTest.

Figure 2: Framework of the proposed method.

3.2. Individual Forecasting Models

In the first stage, individual forecasting models are trained. This means that
input features must be optimally selected and that different hyperparameters
for each individual model must be chosen.
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3.2.1. Feature Selection

The input features of the individual nodal voltage forecasting model are
comprised of calendar variables and time-lagged physical distribution grid in-
formation written as:

Xt = [D,H,M,xt−h,xt−h−1,xt−2h,xt−2h−1,xt−3h,xt−24h] (1)

where xi is a feature vector of physical distribution grid information, D ∈
{1, ..7} denotes the weekday, H ∈ {1, ..., 24} the hour and M ∈ {1, ..., 4} an
hourly cycle. The variable h = 4 denotes the number of time periods in one
hour, and k = t − (·) is the lag. In this context, the voltage predictions are
made for time t. The lagged features are selected based on the normalized
autocorrelation function. As shown in Fig. 3, the most correlated values have
very short lag but are also centered around a lag of one day. Furthermore, we
observe a significant correlation of the lagged values since they display a higher
autocorrelation value than the random noise marked as the blue shaded area.
The nodal voltage is influenced by all the injections of the distribution grid. For
the voltage magnitude (V), active power (P), and reactive power (Q), all the
lagged values from (1) are considered. In addition, weather variables in terms of
solar irradiance (S) and temperature (T) are considered, which were measured
at a nearby weather station for every time step. For these two quantities, only
the value for the most recent lag t− h is used as a feature.
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Figure 3: Autocorrelation function for voltage of bus 3 on the batch data Dens ∪Dtest over
three days

If the V, P, and Q of all 88 load buses are considered in the features set, the
length of the input feature vector Xt would be 1589 = 3 + 2 + 6× 3× 88. Since
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there are a massive number of features for the voltage forecasting model, feature
selection should be performed before training the regression model. Table 1
summarizes the grid features and includes a flag indicating whether lagged values
are included or not.

Table 1: Information about features

Quantity Acronym Lagged

Voltage V yes
Active Power P yes
Reactive Power Q yes
Solar Irradiance S no
Temperature T no

The feature selection has two phases. The first phase is a model-driven
selection of the nearest load buses by examining physical grid interdependences.
The three distances which were adopted in [25] are used in the following.

The first distance is defined on the basis of the bus impedance matrix Zbus.
With the help of the Thevenin impedance, we can find the Z-distance between
two buses i and j as ∣∣ZThevi,j

∣∣ =
∣∣Zi,i + Zj,j − Zi,j − Zj,i

∣∣ (2)

where Zi,j is the entry of impedance matrix at position (i, j). The advantage of
this metric is its independence of system loadings.

The other two distance measures are related to the grid Jacobian matrix J.
The Jacobian matrix is obtained as the solution of the load flow problem and
is connected to power flow sensitivities by[

∆P

∆Q

]
= J

[
∆θ

∆V

]
, J =

[
JPθ JPV

JQθ JQV

]
(3)

where θ represents the matrix of voltage angles. Eq. (3) describes the relation
between a power injection at bus i and voltage magnitudes as well as angles at
bus j. The Jacobian matrix itself can be divided into four sub-matrices, each
corresponding to the sensitivity between the quantities in the subscript. Finally,
the employed P -distance and Q-distance for voltage forecasting can be written
as

∆Vi,i
∆Pi,j

= (J−1PV )i,i + (J−1PV )i,j − (J−1PV )j,i − (J−1PV )j,j (4)

∆Vi,i
∆Qi,j

= (J−1QV )i,i + (J−1QV )i,j − (J−1QV )j,i − (J−1QV )j,j (5)

Eqs. (4) and (5) represent the voltage sensitivity at bus i to an active power
injection and reactive power injection at bus i with subsequent withdrawal at
bus j, respectively.
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For all distance scenarios, including Z-distance, P-distance as well as Q-
distance, the lagged V, P, and Q features of the 20 nearest load buses (nearest
neighbors, NN) are included in the input feature vector Xt. The nearest load
buses selected according to the Z-, P-, and Q-distances are denoted as ZNN,
PNN, and QNN methods, respectively. Fig. 4 shows the load buses and the 20
nearest load buses for each forecasting bus according to the distance metrics.
In this way, the length of the input feature vector Xt is reduced to 365 =
3 + 2 + 6 × 3 × 20. The nearest buses are different according to the type of
distance measure.

Figure 4: Visualization of the selected load buses.

The second phase of the input feature selection is a data-driven reduction
of the number of features by the least absolute shrinkage and selection operator
(LASSO). Hereby, each individual input is associated with a coefficient (of the
global model) which is an image of its importance in the outcome [26]. Hence,
inputs with small coefficients can be safely removed without loss of accuracy.
The main idea is to establish a LASSO regression model for voltage forecasting
with a certain l1-regularization value λ. By varying the value of λ, the LASSO
regression model with the best performance is chosen through cross-validation.
On this basis, the features with a regression coefficient below a certain threshold
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are dropped (f.e. a threshold of 10−5 is used in this paper). This data-driven
feature selection procedure is summarized in Algorithm 1. In this way, joint
model- and data-driven feature selection can be implemented to pick the most
important features for individual model training.

Algorithm 1: Procedure for LASSO selection

input: Train data Dtr

1. Fit LASSO model on Dtr for λ ∈ [10−6, 10−5.5, ..., 106]

2. Cross-validate for the best λ = λ̂ with a 3-fold time series split
strategy

3. Fit LASSO model on Dtr with λ̂
4. Drop all features with a regression coefficient below the threshold
10−5

Table 2 summarizes the basic scenario (in which none of the three distances
is considered) and the three additional nearest neighbors scenarios, i.e., ZNN,
PNN, and QNN. For the basic scenario, only V, P, and Q of the predicted bus
are included. This sums up to 23 = 3 + 2 + 6 × 3 × 1 features being used
for nodal voltage forecasting with the basic scenario. By contrast, the mean
numbers of features of all forecasting models across the 196 buses for ZNN,
PNN, and QNN scenarios are 259, 275, and 280, respectively. The Q-distance
displays the highest number of features with around 280 across all buses. In
consequence, this might lead to considerably higher computation time.

Table 2: Overview of different feature selection scenarios

Scenario Distance Measure Neighbours LASSO Mean Feature Number

Basic No 0 No 23
ZNN Impedance Matrix 20 Yes 259
PNN Jacobian Matrix 20 Yes 275
QNN Jacobian Matrix 20 Yes 280

The selected features through LASSO for each nodal voltage forecasting are
illustrated in Fig. 5. Notation-wise, C and W denote the calendar and weather
features colored in orange and red, respectively. Other than that, the V, P,
and Q features of the bus and of the nearest neighbors (with a “NN”-prefix)
are indicated. Even though the selected features differ for the three distance
scenarios, the nearest neighbor Q features are of high importance for all distance
metrics. Besides, it can be seen that the parts of NN-V are sparser for Z- and
P-distance than for Q-distance. That is to say, the bus voltage and nearest
neighbor voltage features are less important in the case of Z- and P-distance.
This interesting occurrence presents itself even though we are performing voltage
forecasting. Nevertheless, the voltage information may be encoded through the
AC power laws. Finally, we take note of the dropped bus P and Q features
for part of the buses. It can be interpreted that the nearest neighbors also
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Figure 5: Feature mask for each distance scenario.

hold relevant information. An example would be an injection at a specific bus.
Naturally, this would influence the whole bus system. By integrating these
neighbors, we may provide useful patterns to other buses. The calendars and
weather features hold approximately the same importance across all distance
metrics.

The number of selected features is shown according to the bus number in
Fig. 6. The maximum number of features is the y-axis upper limit, whereas the
mean is drawn in red. On the one hand, the Q-distance displays the highest
number of features, i.e., around 280 across all buses. In consequence, this leads
to a considerably higher computation time. On the other hand, the Z-distance
exhibits a mean of selected features around 260.

3.2.2. Regression Model Training

Based on the selected features, individual short-term voltage forecasting
models with a time horizon of 1 hour can be trained for each of the 195 buses.
A total of four regression models, including Support Vector Regression (SVR),
Random Forest (RF), Gradient Boosting Regression Tree (GBRT), and Ex-
tremely Randomized Trees (ERT), serve as the base and are individually de-
scribed hereunder.

Concerning the SVR model, we employ a variation called the ε-SVR that
consists of solving a convex optimization problem. The goal is to find a function
f(x) that stays within a ε-margin from the labels yi but also exhibits flatness.
The first requirement is met through minimization of the so-called ε-insensitive
loss. The second requirement is reflected in the l2-regularization of the weights.
Hence, for a data set D = {(xi, yi), ..., (xN , yN )} the SVR optimization problem
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Figure 6: Number of selected features for each distance scenario.

can be formulated as

min
w,b,ξ,ξ∗

1

2
wTw + C

N∑
i=1

(ξi + ξ∗i )

subject to wTφ(xi)− yi ≥ ε+ ξi

yi −wTφ(xi) ≥ ε+ ξ∗i

ξi, ξ
∗
i , ε ≥ 0 C > 0 i = 1, ..., N

k(xi,xj) = φ(xi)
Tφ(xj)

(6)

where k(xi,xj) is a chosen kernel function and φ(xi) the corresponding feature
map. Kernel functions are sometimes also described as efficient inner products.
With the help of the feature map, the features are mapped into an inner product
space induced by the kernel function. In this product space, the computation
happens implicitly and therefore in a more efficient manner. The slack variables
ξi and ξ∗i serve the purpose of ensuring feasibility. The constant C is a parameter
that balances the importance between the violation of ε precision and flatness
of the function.

The hyperparameters C and ε are chosen according to a noise estimation
procedure [27]. The penalty parameter C is calculated as

C = max(|µy + 3σy|, |µy − 3σy|) (7)

where µy and σy are the mean and standard deviation of the training data
target values. In order to achieve a minimal regularization in all cases, a lower
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bound Cbound = 0.1 was set for all C ≤ Cbound. The insensitivity parameter ε
is determined with the help of a K-nearest neighbors regression:

ε = 3σ̂noise

√
ln(N)

N
σ̂2
noise =

N1/5k

N1/5k − 1
· 1

N

N∑
i=1

(yi − ŷi)2 (8)

where, σ̂2
noise is the estimated noise variance, k the number of nearest neighbors,

N the number of samples, yi the true value and ŷi the estimated regression
value. In this respect, we choose k = 3 as the number of nearest neighbors.
Furthermore, the kernel function is calculated in our case as

k(xi,xj) = e−γ‖xi−xj‖2 γ = (dσx)−1 (9)

where d is the number of features and σx the variance of the training data
features [28].

Alternatively to SVR, tree-based methods do not require any feature scaling
due to their invariance to monotonic transformations [29]. The number of trees
for RF and ERT is taken as a standard value of 100 [28]. The number of boost-
ing stages for GBRT is chosen according to observations in [30]. It is stated that
in the investigated problems, the GBRT stabilizes around 1000 stages. These
hyperparameters represent a good trade-off between accuracy and computation
time. All the remaining hyperparameters are adopted from the standard pa-
rameters of the scikit-learn library [28]. A selection of notable parameters of
the three tree models are given in Table 3 and 4, respectively.

Table 3: Parameters for RF and ERT

Parameter Value

Number of Trees 100
Min. Samples Split 2
Min. Samples Leaf 1

Table 4: GBRT parameters

Parameter Value

Boosting Stages 1000
Learning Rate 0.1
Min. Samples Split 2
Min. Samples Leaf 1

The performances, including Mean Absolute Error (MAE), Mean Absolute
Percentage Error (MAPE), and Root Mean Squared Error (RMSE), across all
the buses on the test dataset are given in Fig. 7. For the box plot, each error
metric is averaged over the four base models. Furthermore, the mean µ and
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the median m are indicated as red triangle and orange line inside the boxes,
respectively. Their numerical values are displayed at the right box end. The
boxes enclose data between the 25%-th quantile and 75%-th quantile, whereas
the whiskers extend to the minimum, respectively, maximum of the data points.
Two important observations arise from those graphs. First, the inter-quantile
range is close for all scenarios. Second, the inclusion of nearest neighbor features
leads to performance benefits across all metrics, especially for the P- and Q-
distance. Between the P- and Q-distance performances, there are only minor
differences.
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Figure 7: Error boxplots of individual models on DTest.

The base model with the lowest error metrics on the test dataset is indicated
in Fig. 8. If the best model did not coincide for all metrics at one bus, the base
model with a higher number of lowest metrics was chosen. Fig. 8 exposes the
ERT model as the best performing base model for most of the buses in the test
dataset. In contrast, the weakest model is given by the SVR.
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3.3. Ensemble Learning

Ensemble learning is an effective approach to combine different individual
models to enhance forecasting performance further. The motivation behind
ensemble learning is also rooted in the bias-variance trade-off. Ultimately, en-
semble methods aim for a reduction in both bias and variance.

3.3.1. Deterministic Ensemble

The weighted linear combination is a commonly used approach and can be
formulated as a convex optimization problem:

ŵ = arg min
w

1

N

N∑
i=1

∣∣∣∣yi − ŷiyi

∣∣∣∣
subject to ŷi =

M∑
m=1

wmŷi,m i = {1, ..., N}

M∑
m=1

wm = 1 wm ≥ 0

(10)

with N being the number of data points, M the number of base models, yi
the real value, ŷi the combined forecast of the base forecasts ŷi,m and wm the
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optimal weights. The batch weights are constrained to sum up to one and to be
non-negative.

3.3.2. Probabilistic Ensemble

Quantile regression is a regression model to produce a series of quantiles
instead of the expected value. For a linear model, we find the quantile weights
wq through the minimization problem:

ŵq = arg min
wq

N∑
i=1

`q(yi,xi ·wq)

`q(y, ŷq) =

{
q(y − ŷq) if y ≥ ŷq
(q − 1)(y − ŷq) if y < ŷq

(11)

Hereby, `q is the so-called quantile loss and represents a tilted absolute value
function. In probabilistic forecasting, quantiles are used to construct a Predic-
tion Interval (PI) with corresponding Prediction Interval Nominal Confidence
(PINC):

PI = [yql , yqu ]

PINC[%] = P (yql ≤ Y ≤ yqu) = 100% · (1− α)

α = 1− (qu − ql) α ∈ (0, 1)

(12)

The quantiles numbers yql and yqu are the lower and upper bound of the PI,
while α is the nominal confidence. The PINC describes the likelihood of a new
observation to fall into the PI range [yql , yqu ]

Ensemble learning can also be used in connection with quantile regression.
A method following this rationale is known as Quantile Regression Averaging
(QRA) [31]. It uses the forecasts of deterministic base models as input regressors
[31]. Thus, an input feature of the QRA reads:

xi = [1, ŷ1,i, ..., ŷM,i] i ∈ [1, ..., N ] (13)

where the constant offset represents the intercept and ŷm,i the i-th forecast of
the m-th deterministic base model.

For both deterministic and probabilistic forecasting, the optimization prob-
lems of (10) and (11) are convex and can be easily solved in an offline fashion
on dataset DEnsemble.

4. Experimental Results

In this section, the benchmarks for comparisons and evaluation metrics are
introduced. Afterwards, the results of deterministic and probabilistic nodal
voltage forecasting are reported.
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4.1. Benchmarks

In order to verify the superiority of the ensemble methods presented in sec-
tion 3.3, three other approaches for ensemble learning are also tested. In the
course of investigations, it crystallized that linear learners were more suitable
as ensemble combiner for non-linear base models. Therefore, we decided to take
linear stochastic approximation methods as benchmarks. The three benchmark
methods are based on the general optimization problem [32]

wt+1 = arg min
w

[
d(w,wt) + ηt`(yt,w · ft)

]
(14)

where d(·) is a distance function, `(·) a loss function and ηt the learning rate.
These two terms have opposing objectives for each stochastic training pass t.
On one hand, the distance function tries to prevent information loss by keeping
the new weights close to the old ones. On the other hand, the loss function tries
to integrate the new sample by having a small loss on it.

1. SGD: Stochastic Gradient Descent (SGD) [33] is a well-known iterative
optimization algorithm. By choosing the l2-distance and an arbitrary loss
for (14), the weight update can be written as

wt+1 = wt − ηt∇wt
`(yt,wt · ft) (15)

In deterministic forecasting we use the squared loss function, whereas in
probabilistic forecasting we minimize the quantile function. We denote
the latter model as Quantile Stochastic Gradient Descent (QSGD).

2. Adam: Adaptive Moment (Adam) [34] is an extension of SGD and is based
on adaptive estimates of lower-order moments according to the formula

wt+1 = wt −
ηt√
vt + s

mt

mt =
γ1mt−1 + (1− γ1)∇`t

1− γt1
vt =

γ2vt−1 + (1− γ2)∇`2t
1− γ2

(16)

where the terms mt and vt are bias-corrected mean and variance terms of
the gradient, γ1 as well as γ2 are decaying constants and s is a smoothing
constant.

3. PAR: Passive Aggressive Regression (PAR) [35] is another linear approxi-
mation method obtained by choosing the l2-distance and the ε-insensitive
loss for (14). The resulting weight update has the form

wt+1 = wt+sign(yt−wt ·xt)τtxt τt = min

{
C,
`ε(yt,wt · xt)
‖xt‖22

}
(17)

where sign(·) is the signum function, C the aggressiveness parameter and
`ε(·) the ε-insensitive loss.
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All benchmarks are trained with a stochastic approximation procedure with
early stopping. To this end, a train-test shuffling procedure without replace-
ment is employed with parameters given in Table 5. The hyperparameters for
the different models are shown in Table 6. The learning rate for SGD was found
through cross-validation with a common decay parameter. For Adam, the rec-
ommended parameters by the authors of the algorithm were taken [34]. In the
case of PAR, the model furthermore displayed an insensitivity for a large range
of hyperparameters. For this reason, we used common default values for ε and
C. It should be noted that insensitivity to changes in hyper-parameters is a
good quality of the model since it does not require strong expert knowledge to
fine-tune the model. It may boost acceptability at the industry level.

Table 5: Early stopping parameters

Parameter Method

SGD Adam PAR

Maximum Epochs 1000 1000 1000
Validation Split 75%/25% 75%/25% 75%/25%
Patience 5 5 5
Tolerance 0.001 0.001 0.1

Table 6: Selected hyperparameters for all case studies

Method Hyperparameter

SGD η0 = 0.01 p = 0.25
Adam ηt = 0.001 γ1 = 0.9 γ2 = 0.999 s = 10−8

PAR ε = 0.1 C = 1

4.2. Evaluation Metrics

For the purpose of evaluating the deterministic point forecasts ŷt with respect
to the true values yt for a batch of data, the three common metrics MAE, MAPE,
and RMSE are assessed as:

MAE =
1

N

N∑
i=1

|yi − ŷi| (18)

MAPE =
1

N

N∑
i=1

∣∣∣∣yi − ŷiyi

∣∣∣∣ (19)

RMSE =

√√√√ 1

N

N∑
i=1

(yi − ŷi)2 (20)
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A natural evaluation metric of a probabilistic forecasting model is the quan-
tile loss since it is also minimized in quantile regression. We will define a model’s
quantile loss on a batch of data as Pinball Loss (PBL) with:

PBL =
1

N

N∑
i=1

(
1

Q
∑
q

`q(yi, ŷq)

)
(21)

where q is the particular quantile, Q the total number of quantiles and `q the
quantile loss defined in 11. The summation over the quantiles is calculated for
the whole set q ∈ {0.01, ..., 0.99} implying Q = 99.

When assessing the prediction interval derived from a probabilistic forecast-
ing model, the reliability and sharpness of the interval are key properties. The
reliability can be examined with the Average Coverage Error (ACE). This metric
is specified by the difference between the PI coverage probability and nominal
confidence (1− α) reading

ACE =
1

N

N∑
i=1

1{yi∈[Li,Ui]} − (1− α) (22)

The ACE can either be positive or negative, and a well-performing model dis-
plays an ACE close to zero [36]. The sharpness may be assessed with the Winkler
Score (WKS) given by

WKS =
1

N

N∑
i=1

W (yi, Li, Ui) (23)

where, δi = Ui − Li is the interval width defined by lower and upper bound Li
and Ui of the PI and W denotes the winkler loss which is expressed as follows:

W (yi, Li, Ui) =


δi, Li ≤ yi ≤ Ui
δi + 2(Li − yi)/α, yi < Li

δi + 2(yi − Ui)/α, yi > Ui

(24)

Intuitively, the WKS penalizes the performance relative to the distance of the
constructed PI. Therefore, a high-quality PI has a low WKS [37].

4.3. Deterministic Forecasting

Fig. 9 depicts the performance of the best individual method, i.e., ERT, and
our proposed ensemble method (OPT) regarding the different scenarios, respec-
tively. The corresponding mean and standard derivations of different methods
on all the 195 nodes are provided in Table 7. It stands out that the proposed
OPT method with Q-distance has the best performance. Compared with the
best individual method (ERT-NNZ), there is about an average improvement of
1.09% in terms of MAE, MAPE, and RMSE. Besides, the standard deviation
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of these three evaluation metrics is also smaller than the best individual meth-
ods. This means that the forecasts of our method are more reliable for these
three metrics since the forecasting error moves in a smaller range. Note that
we are examining ensemble models in the case study. The performance of the
ensemble model is strongly dependent on its base models. Since all ensemble
combiners have the same base with strong learners such as SVR, which already
have high accuracy, an average improvement of 1.09% in terms of MAE, MAPE,
and RMSE and an average improvement of 9.48% in terms of their variances
for the ensemble combiner are nontrivial.

Figure 9: Deterministic forecasts for different distance scenarios.

Table 7: Deterministic forecasting performance with different distance

MAE MAE-std RMSE RMSE-std MAPE MAPE-std
ERT-Basic 1.332 0.057 1.686 0.076 0.329% 0.014%
ERT-NNP 1.288 0.048 1.638 0.065 0.318% 0.012%
ERT-NNQ 1.291 0.052 1.642 0.068 0.319% 0.013%
ERT-NNZ 1.282 0.051 1.633 0.070 0.316% 0.013%
OPT-Basic 1.333 0.070 1.695 0.089 0.329% 0.017%
OPT-NNP 1.292 0.062 1.646 0.081 0.319% 0.015%
OPT-NNQ 1.268 0.045 1.613 0.056 0.313% 0.011%
OPT-NNZ 1.272 0.046 1.611 0.057 0.314% 0.012%

Improvement 1.09% 6.25% 1.22% 13.85% 0.95% 8.33%

It is also interesting to see that not all OPT methods have better perfor-
mance than the corresponding best individual method. For example, combining
four basic forecasts (OPT-Basic) without consideration of nearest neighbor-
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hood nodes performs worse than ERT. One possible reason is that the four
basic individual methods do not provide a diversity of forecasting. Moreover,
the difference between the Z- and Q-distance metrics is marginal. For this rea-
son, we continue the investigation with the Z-distance due to its computational
advantages for the nearest neighbor selection.

Fig. 10 illustrates the deterministic forecasting results obtained by different
ensemble combining algorithms for the Z-distance. It can be found that com-
pared with SGD, Adam, and PAR algorithms, the OPT method has the best
performance with the lowest variances in terms of MAE, MAPE, and RMSE.
Fig. 11 shows the deterministic forecasts obtained by our proposed method for
Bus 100 over one week. The predicted profile can effectively capture the basic
trend of the voltage magnitude changes.
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Figure 10: Box plot of deterministic forecasting performances for the Z-distance.
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Figure 11: OPT forecast for Bus 100 over one week.

In order to validate the forecasting accuracies, the modified Diebold-Mariano
test [38, 39] is performed for the MAE and averaged over all buses. The corre-
sponding results are shown in Fig. 12. The null hypothesis is formulated as the
fact that the forecasts of the two models in question have the same accuracy.
We see that in the case of a significance level of 8 %, the null hypothesis can be
rejected for all tests involving OPT since the p-values is below 0.1. Therefore,
OPT does not have the same accuracy as the other models according to the
Diebold-Mariano test.
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Figure 12: P-values of the Diebold-Mariano test for the MAE criterion averaged over all buses.

Fig. 13 shows the MAPE of the 195 buses and its corresponding Z-distance
(Ohm) from bus 2, the nearest bus to the feeder bus on the low voltage. There
is a clear trend that with the increase of Z-distance from bus 2, the MAPE
increases, i.e., the predictability of the nodal voltage decreases. The main reason
is that the voltage of the root bus is fixed, and the further from bus 2, the larger
the variance of the nodal voltage.
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Figure 13: Scatter plot of MAPE and Z-distance from bus 2.

4.4. Probabilistic Forecasting

Fig. 14 depicts the performance of different probabilistic ensemble methods
in terms of PBL, WKS, and ACE, respectively. The corresponding mean and
standard derivations of different methods on all the 195 nodes are provided in
Table 8. It should be noted that the absolute value of ACE is given for ease of
comparison.

Compared with QSGD, QAdam and QPAR, the proposed QRA model has
the best performance for all three criteria, which means our proposed method
has better reliability, sharpness as well as calibration. Especially for ACE, our
proposed method largely outperforms others. Fig. 15 shows the probabilistic
forecasts obtained by our proposed method for Bus 100 over one week. The
predicted interval can cover most of the voltage, and the interval changes over
time which is identical to the change of real voltage magnitude. Again, this
figure verifies the reliability and calibration of our forecasts.
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Figure 14: Box plot of probabilistic forecasting performances for the Z-distance

Table 8: Probabilistic forecasting performance with different ensemble methods

ACE ACE-std PBL PBL-std WKS WKS-std
QRA 2.75% 0.37% 0.452 0.019 6.869 0.341

QSGD 4.92% 2.62% 0.465 0.022 7.040 0.445
QAdam 5.40% 2.82% 0.466 0.022 7.095 0.536
QPAR 4.21% 2.94% 0.473 0.033 7.218 0.673
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Figure 15: QRA forecast for Bus 100 over one week.
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Figure 16: P-values of the Diebold-Mariano test for the PBL criterion averaged over all
quantiles and all buses.

The forecasting accuracies for the PBL are again validated with the modified
Diebold-Mariano by averaging over all quantiles and buses. The resulting p-
values are given in Fig. 16. The null hypothesis is formulated as the fact that
the forecasts of the two models in question have the same accuracy. Assuming
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again a significance level of 1%, the null hypothesis can be rejected for all tests
involving QRA since the p-values are below 0.1. Therefore, QRA does not have
the same accuracy as the other models according to the Diebold-Mariano test.

Fig. 17 shows the PBL of 195 buses and its corresponding Z-distance (Ohm)
from bus 2. Similar to Fig. 13, the probabilistic forecasting performance gets
worse with the increase of Z-distance from bus 2. This again highlights the
importance of voltage regulation of the bus that are far from the bus.
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Figure 17: Scatter plot of PBL and Z-distance from bus 2.

5. Conclusions

This paper proposes two-stage nodal voltage forecasting methods. In the first
stage, several individual deterministic forecasting models are trained by inte-
grating model- and data-driven feature selection. In the second stage, weighted
averaging and QRA models are proposed to combine individual models to pro-
vide final deterministic and probabilistic forecasting. We demonstrated that
joint model- and data-driven feature selection as well as ensemble learning could
effectively improve the performance of short-term nodal voltage. We also ob-
served that the distance to the root node has a close relationship with the
predictability of nodal voltage.
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