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 Using large-scale molecular dynamics simulations, we model a 9.2 nm liquid bridge between two solid plates
having a regular hexagonal lattice and analyse the forces acting at the various interfaces for a range of liquid-
solid interactions. Our objective is to study the mechanical equilibrium of the system, especially that at the
three-phase contact line. We confirm previous MD studies that have shown that the internal pressure inside
the liquid is given precisely by the Laplace contribution and that the solid exerts a global force at the contact
line in agreement with Young's equation, validating it down to the nanometre scale, which we quantify. In addi-
tion, we confirm that the force exerted by the liquid on the solid has the expected normal component equal to
γlvsinθ0, where γlv is the surface tension of the liquid and θ0 is the equilibrium contact angle measured on the
scale of the meniscus. Recent thermodynamic arguments predict that the tangential force exerted by the liquid
on the solid should be equal to the work of adhesion expressed as Wa0=γlv(1+ cosθ0). However, we find
that this is true only when any layering of the liquid molecules close to liquid-solid interface is negligible. The
force significantly exceeds this value when strong layering is present.

© 2017 Elsevier B.V. All rights reserved.
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1. Introduction

As first described by Thomas Young [1] in his essay on cohesion of
fluids in 1805, the competition between the cohesion of a fluid to itself
and its adhesion to a solid gives rise to an angle of contact between the
liquid and the solid that is specific to a given system at equilibrium. This
conclusion leads to the necessary condition for mechanical equilibrium
usually known asYoung's equation. For a liquid on an idealflat solid sur-
face

γlv cosθ0 ¼ γsv−γls ð1Þ

where θ0 is the equilibrium contact angle and γlv, γsv and γls are, respec-
tively, the interfacial tensions between the liquid and the vapour, the
solid and the vapour, and the liquid and the solid.

Although this equation has been thermodynamically validated [2,3]
the quantities γls and γsv are not generally accessible to experiment. But
since, both γlv and θ0 are easily measured, Eq. (1) is often used to deter-
mine the difference γsv−γls. For a large class of interfaces, the thermo-
dynamic approach has been confirmed from first principles on a
microscopic basis using statistical mechanics [4–7] and also mechani-
cally, through the continuum approximation where the interfaces are
rnandez-Toledano).
modelled as 2-D surfaces and the three-phase contact zone (TPZ), i.e.
the intersection of a liquid–fluid interface with the liquid–solid inter-
face, becomes a one-dimensional contact line. However, themechanical
interpretation of Young's equation, when treated as a force balance on
the liquid and solid atoms present within the TPZ, is unclear at the
near-molecular scale, as is the lower limit of the system size at which
the equation is verified. Moreover, some recent papers have questioned
the validity of Young's equation at this small scale [8,9].

In the light of this uncertainty and a desire to apply Young's equation
in nanotechnology (for example to measure the forces of liquids on car-
bon fibres and nanocones [10,11]), several recent papers have been de-
voted to assessing the equation's validity at the nanoscale using
molecular dynamics (MD). Their objective has been to understand the
mechanical forces exerted by the liquid on the solid at this very small
scale [12–15]. An additional thrust of this work has been to confirm
the prediction [13] that the tangential force across the TPZ is equal to
the thermodynamic work of adhesion expressed as Wa0=γlv(1+ cos
θ0) [12,13]. But, despite these efforts, the precise magnitude of this
force remains in some doubt, as agreement with the computed forces
was no better than 60–95%, depending on the value of θ0 [13].

Thiswas not thefirst time thatMDhad beenused to studymechanical
equilibrium at the contact line. Since the pioneering work of Saville in
1977 [16], the study of wetting byMD has advanced in linewith comput-
ing power. Early, examples include the work of Sikkenk et al. [17] and
Nijemeijer et al. [18], whichwere directed toward understandingwetting
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Table 1
Parameters associatedwith the simulations carried out in this work. σLL and σLL are the di-
ameters of the liquid and solid atoms, respectively; T is the temperature, ε is related to the
depth of the Lennard-Jones potential well, γlv is the surface tension, η is the viscosity, ρ0 is
the density of the liquid, rc is the Lennard-Jones cut–off,m0 is themass of the liquid atom,
and CLL, CSS and CSL are the liquid–liquid, solid–solid and solid-liquid coupling parameters.

Magnitude Value Magnitude Value

σLL 0.35 nm ρ0 18.26 atoms/nm3

σLS (nm) 0.25 nm rc 0.875 nm
T (K) 33 K m0 12 g/mol
ε 277 J/mol CLL 1
γlv 2.49 mN/m CSS 1
η 0.248 mPa·s CSL 0.2, 0.3, 0.35, 0.4, 0.45, 0.5, 0.55, 0.6
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and drying transitions. These were swiftly followed by investigations of
two-liquid systems, e.g. Meyer et al. [19], Koplik et al. [20] and Thompson
et al. [21]. The latter two studies involvedmoving contact lines, an impor-
tant issue in its own right. Moving contact lines have also been the focus
ofmore recent papers, e.g. de Ruijter et al. [22], Heine et al. [23], Seveno et
al. [24], Bertrand et al. [25] and, most recently, Blake et al. [26] and
Lukyanov and Likhtman [27]. In particular, this work sheds light on the
vexed question of how a contact-line that moves can be reconciled with
the standard no-slip condition between a liquid and a solid and whether
or not themicroscopic angle is velocity-dependent. Other important stud-
ies have focused on the magnitude and significance of line tension when
the contact line is curved in the plane of the solid at a small scale [8,28,29].
Some of these questions have also been addressed by diffuse-interface/
density-functional modelling (e.g. Refs [30,31].) and combined continu-
um-MDmethods [32].

As discussed byGibbs [2], Young's equation is thermodynamically val-
idated for what he calls immutable solid, i.e. one sufficiently rigid to be
unaffected by contact with the liquid. In the earliest investigation [16],
the solid was assumed to be rigid butmodelled as an external field rather
than as an atomic solid. As the field progressed, the solid was treated ei-
ther as a solid slab or as a crystalline lattice, with the atoms either in
fixed positions or, more usually, tethered to the lattice by a strong har-
monic potential, thus, minimising the risk that the solid supports a strain,
which would modify its surface tension [33]. However, there has been at
least one MD study of the consequences of a deformable substrate [13].

The objective of the study reported here is to use large-scale MD
simulations to revisit the attractive forces between solids and liquids
in contact down to the atomic scale. To do this, we analyze the force
balance in a micro-channel: a liquid bridge confined between two par-
allel solid plates. We focus on the balance of forces at the TPZ for a
range of equilibrium contact angles, not only from the perspective of
the liquid, but also from that of the solid. The normal force exerted
by the liquid on the solid, γlvsinθ0, has already been verified by, for ex-
ample, Ren and E [34]. The main way in which or study advances pre-
vious work is its focus on defining the TPZ at the atomic scale and
accurately computing the tangential force exerted by the liquid on
the solid in this region. In particular, we show that layering of the liq-
uid adjacent to the solid wall leads to a tangential force at the contact
line that exceeds γlv(1+ cosθ0). A sound understanding of these ef-
fects is important in predicting the forces acting on nanomaterials at
liquid interfaces.

Following the earlier work, we treat the solid as a tethered crystal-
line lattice, but allow the solid atoms to interact with each other with
the same intensity as the liquid-liquid interactions. In common with
most other studies, we do not determine the direct contribution of the
solid surface tension to γls, which is a potential source of error [18].
Rather, we compute the surfaces pressures πls exerted by the liquid at
the solid surface. The surface pressure is the negative of what Gibbs
[2] called the ‘superficial tension’ of the liquid in contact with the
solid: πls=−ςls=γs−γls, where γs is the surface tension of the solid
alone and constant. Using this concept, onemaywrite Young's equation
in the formγlcosθ0=πls−πsv. If this force balance is validated, it implies
that the solid is immutable at the level of simulation accuracy. To con-
firm this, we checked that moderate variations in the strength of the
harmonic tethering potential did not affect our results.

2. Simulations

Full details of the simulation methods, base parameters and poten-
tials have been given in our previous publications (e.g., Refs [26,27,
35]. and work cited therein. We recall here the key aspects. The liquids,
the solids and their interaction are modelled using Lenard-Jones poten-
tials defined by:

Vij ¼ 4εCAB σ ij=rij
� �12− σ ij=rij

� �6� �
: ð2Þ
Here, rij is the distance between any pair of atoms i and j. The cou-
pling parameter CAB enables us to control the relative affinities between
the different types of atoms. The parameters ε and σ are related, respec-
tively, to the depth of the potential wells and an effective atomic diam-
eter. For solid and liquid atoms σ=0.35 and 0.25 nm, respectively, and
ε= kBTwhere kB is the Boltzmann constant and T=33 K is the temper-
ature, which is kept constant by a thermostat based on velocity scaling.
The pair potential is set to zero for rij N 2.5σ. CAB is given the value 1 for
both liquid–liquid (L–L) and solid–solid (S\\S) interactions, but for the
solid–liquid (S–L) interaction it is varied from 0.2 to 0.6 to explore a
wide range of equilibrium contact angles (from approximately 147° to
46°, respectively). Themasses of all the atoms are equated to that of car-
bon to allow comparison with physical systems. The main parameters
and macroscopic quantities employed in the simulations are listed in
Table 1.

The solid plates are constructed as regular hexagonal lattices having
three atomic layers. To maintain rigidity, while permitting exchange of
momentumwith the liquid, the solid atoms are allowed to vibrate ther-
mally around their initial positions by a strong harmonic potential. The
liquid is modelled as 5608 8-atom molecular chains, with adjacent
atoms linked by a confining potential Vconf=εrij6/σ6. This minimizes
evaporation over the time scale of the simulation, so that the vapour
phase is effectively a vacuum. The dimensions of the simulation box
are Lx, Ly, Lz = 42.9, 8.4 and 11.3 nm, respectively, and we impose peri-
odical boundary conditions in the x and y directions. The two parallel
plates, each comprising 14,535 atoms, are located in the extremities of
the z-axis. We fix the distance between the plates H = 9.2 nm. Fig. 1
shows a snapshot of the system for CSL = 0.2.

At the start of each simulation, the liquid is equilibrated between the
two plates for up to 1.5 × 106 time steps (7.5 ns), as indicated by a con-
tact angle that fluctuates around a stationary value. To determine this
angle, the positions of the front and back menisci are first located by a
density calculation, choosing the location to be where the density falls
to 50% of the bulk (the equimolar surface). The equilibrium contact
angle is then found by fitting an arc of a circle to the bulk profile away
from the contact line and measuring its tangent at the solid, as in a
real experiment. More details of this procedure can be found in Ref.
[35]. The time step between computational iterations is 5 fs.

3. Forces on the liquid

To analyze the force balance across the whole liquid, we calculate
the local pressure at each point according to the method proposed in
Ref. [36]. The total pressure is the sum of two contributions: that due
to the pair-wise interactions and the kinetic component due to themo-
mentum of the liquid molecules. The pressure is a second-order tensor
P, where the component Pαβ gives the force per unit area in the β-direc-
tion across a surface pointing in theα-direction.We define Pxx and Pzz as
the tangential and normal components of the pressure tensor with re-
spect to the solid surface. Since the solid surface is flat, the normal pres-
sure will be the same within the solid and the liquid, with a value equal
to the isotropic pressure of the bulk liquid, Pzz=PB, which we compute



Fig. 1. Snapshot of the system at equilibrium for CSL = 0.2.

Fig. 2. Result of integrating Eq. (4) at the solid-liquid interface compared with γlvcosθ0.
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using the Irving and Kirkwood method [37]. Hence, the normal forces
acting on the liquid and the solid at the TPZ will have the same value
but opposite sign. The tangential pressure in the liquid can be
decomposed into three different contributions: the liquid–liquid, PLLxx,
solid–liquid, PSLxx, and the thermal, kBTρL:

Pxx xzð Þ ¼ Pxx
LL xzð Þ þ Pxx

SL xzð Þ þ kBTρL xzð Þ ð3Þ

where ρL(x,z) denotes the density of the liquid in the x,z plane.
Due to the substitution of the liquid atoms by solid at the solid–liq-

uid interface, there is an anisotropy between the tangential and normal
components of the pressure tensor close to this interface. This induces a
non-zero surface pressure that can be expressed as:

πls xð Þ ¼
Z

ΔL

Pzz−Pxx xzð Þ� �
dz ð4Þ

where,ΔL represents the thickness of the liquid–solid interface. The ho-
mogeneity of the solidmeans that any liquid atom of the system located
at xwill interact with the same number of solid atoms in region x+ δ as
in x− δ. Therefore, the net tangential force induced by the solid on any
the liquid atomwill be zero. This symmetry will also hold at the TPZ, so
introducing Eq. (3) in Eq. (4) and eliminating the liquid–solid contribu-
tion PSL

xx(x,z) we have:

πls xð Þ ¼
ZH=2

0

ðPzz− Pxx x; zð Þ−Pxx
SL x; zð Þ� �

dz

¼
ZH=2

0

Pzz−Pxx
LL x; zð Þ−kBTρL x; zð Þ� �

dz

ð5Þ

This surface pressure is constant at the general S–L interface, but de-
cays to zero across each TPZ. Therefore, the net force due to the gradient
of pressure in these marginal regions is FTPZx =−πls(x). This is compen-
sated by the tangential force exerted by the L–V interface at the contact
line, which, according to Young's equation, should be equal to γlvcosθ0.
Thus, we expect

FxTPZ ¼ −πls xð Þ ¼ γlv cosθ0: ð6Þ

To compute the surface pressures from Eq. (5), we first determine
the liquid-liquid contribution to the tangential pressure PLL

xx(x,z) within
the liquid L. We place a virtual plane perpendicular to the x axis at the
centre of the Li–S interface xk. This splits L into two subsystems: the
left containing atoms in the interval xi∈ [xk−rc,xk], and the right con-
taining atoms in the interval xi∈ [xk,xk+rc]. The left subsystem is then
sliced into parallel layers of thickness dz= 0.2 nm, and from the deriv-
ative of the Lenard-Jones potential, Eq. (2), we calculate the force fLJ act-
ing on the liquid atomswithin each layer due to the liquid atoms to the
right of the plane at xk:

Pxx
LL xk; zlð Þ ¼ 1

Lydz
∑
NL

i¼1
∑
NL

j¼1
f xLJ rij

� �
Θ xi−xkð ÞΘ xk−xj

� �
δil ð7Þ

Here, fLJx (rij) is the x component of the Lennard-Jones force between
liquid atoms i and j, NL the number of liquid atoms and Ly the y dimen-
sion of the simulation box. The Heaviside step function Θ(x) is used to
ensure we consider only atoms located in the separate subsystems on
either side of the plane at xk; and δil takes the value 1 if atom i is located
in layer zl or 0 in any other case to ensurewe associate the forcewith the
appropriate layer. Then, knowing PLL

xx from Eq. (7), ρL and PB, we can
compute the surface pressures inside the liquid using Eq. (5) and so
check the force balance predicted by Eq. (6).

Fig. 2 illustrates the excellent agreement achieved. Here, the surface
tension of the liquid, γlv = 2.49 ± 0.5 mN/m, was calculated using a
standardmethod [35] in an independent simulationwith a planar liquid
film. The data represent the averaged results of 1000 configurations and
the error bars the standard deviations of the averages. Note that the
solid does not directly contribute to the tangential pressure in the liquid.
Any liquid atom located at some position x will interact with the same
number of solid atoms at x − δ as at x + δ; thus, the net tangential
force induced by the solid at this position will be zero. This symmetry
will also hold across the TPZ.

4. Forces on the solid

To determine the forces on the solid, we first compute the forces act-
ing on each solid atom from the liquid. Due to the symmetry of the
system in the y direction, the solid atoms may then be projected onto
the x–z plane, which we subdivide into a grid with dx = 0.4 nm and
dz equal to the three atomic layers of the solid plate. For each cell Ck of

the grid, located at xk, we define F
!

LSðxkÞas the total force per unit length
of the contact line exerted by liquid L on the solid atoms inside cell Ck:

F
!

LS xkð Þ ¼ 1
Ly

∑
NS

i¼1
∑
NL

j¼1
f
*LJ

rij
� �

δik

¼ FxLSx̂þ FzLSẑ

ð8Þ

Image of Fig. 1
Image of Fig. 2


Fig. 4. The pressure Pcmeasured at the centre of the S–L interface versus θ0 comparedwith
the expected value of the Laplace pressure. The data are the average values obtained from
1000 configurations over the whole of the bulk liquid. The error bars are the standard
deviations of the averages.
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where δik = 1 if the solid atom i belongs to cell Ck or 0 if not. Ly is the y
dimension of the simulation box corresponding to the length of the con-
tact line, and FLS

z and FLS
x represent, respectively, the normal and tangen-

tial forces (with respect to the solid–liquid interface) exerted by the
liquid on the solid inside the cell Ck.We then average these force profiles
over 1000 configurations to produce the complete distribution of forces
along each solid plate.

Fig. 3 shows examples of the tangential and normal force profiles
acting on the bottom solid plate due to the presence of the liquid. The
peaks in each profile correspond to the locations of the TPZ, which are
corroborated by the decay in the density and the pressure profiles.
The normal force profiles acting on the bottom wall for couplings CSL
= 0.2, 0.45 and 0.6 are shown in Fig. 3a and correspond to equilibrium
contact angles of 147°, 90° and 46°, respectively. The positive values of
the peaks are associated with a force pointing into the liquid and, there-
fore, to the attraction of the solid plate by the liquid. In the intervening
central region, the profiles settle to a constant plateau value. Since the
pressure outside the liquid is zero (a vacuum), the normal pressure at
the centre of the S–L interface, Pc should be equal simply to the Laplace
pressure Pc=ΔP=2γlv/Hcosθ0. Fig. 4 confirms that the agreement be-
tween the two is very good, which validates the methods we have
used to compute the forces acting on the solid.

Another conclusion that can be drawn from these calculations is the
scale belowwhich it would be inappropriate to apply Young's equation.
In Eq. (1) the various surface tensions are macroscopically measureable
quantities and the TPZ is modelled as a one-dimensional contact line.
Fig. 3 shows that in the simulations this line is in fact a zone of width
3.7 ± 0.23 nm computed as the length of the intersection between the
fitted Gaussian function to each peak of the tangential force and the hor-
izontal line y=ΔFcwhereΔFc is the standard deviation of the tangential
force at the centre of the solid-liquid interface. This is greater than the
thickness of the liquidmeniscus (about 2.2 nm) and becomes significant
if the liquid-solid contact region approaches the same scale. Below this
scale, therefore, deviations from (1) are to be expected.

Within the TPZ, the total normal force has two contributions: the La-
place pressure and the component due to the L–V interface. The Laplace
pressure must disappear at the contact line. Since intermolecular forces
depend on the number of interacting atoms, a reasonable approach is to
assume that the pressure decays with liquid density profile ρ(x) across
the TPZ:ΔP(x)=Pcρ(x)/ρ0, where ρ0 is the density in the bulk. The con-
tribution of the L–V interface to the normal force at the contact line is
then given by the integral of Pxx(x)−ΔP(x), which, according to Young's
Fig. 3. (a) Normal force profiles for different CSL and θ 0. (b) Tangential force profile for
different CSL and θ 0. Both plots correspond to the forces acting on the bottom plate.
equation, should be equal to γlvsinθ0:

FzTPZ ¼
Z

TPZ

Pzz xð Þ−ΔP xð Þ� �
dx ¼ γ sinθ0 ð9Þ

Fig. 5a shows that the computed normal force at the contact line,
plotted as a function of the equilibrium contact angle, is in very good
agreement with the expected value.

The sum of the points belonging to the peaks of the tangential force
profiles (e.g., that plotted in Fig. 3b) gives the total tangential force at
the TPZ, and the sign of the peaks reveals that the force is pointing in-
ward, toward the liquid. The sum of the full tangential profile is equal
to zero, which is consistent with equilibrium. Recently, a model for
the tangential force of the liquid on the solid has been proposed based
on density functional theory [14]. According to the arguments present-
ed, the force should be γlv(1+ cosθ0), i.e. the equilibriumwork of adhe-
sion Wa0, defined as the energy required to destroy unit area of S–L
interface and create equivalent areas of S–V and L–V interface at con-
stant temperature and pressure. This prediction has been corroborated
by computer simulations [12,13] and some supporting experimental ev-
idence [38]. That the force is not simply γlvcosθ0 is due to the absence of
liquid on the vapour side of the interface; hence, the attraction is always
Fig. 5. (a) Total normal force of the liquid on the solid at the contact line compared with
γlvsinθ0. (b) Total tangential force acting at the contact line for different levels of solid
roughness, D, compared with γlv(1+ cosθ0).

Image of Fig. 3
Image of Fig. 4
Image of Fig. 5
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positive in the direction of the liquid and, therefore, equal to thework of
adhesion. From the perspective of the liquid, the solid is continuous in
both directions about the contact line, so the force must change sign
when the angle is 90° and so follow γlvcosθ0 [15].

Fig. 5b shows the total tangential force of the liquid on the solid com-
puted from our simulations. As before the data are the averages of 1000
configurations and the error bars are associated standard deviations.
The upper data set (labelled ‘flat’) is the result obtained with the solid
constructed as described earlier. While it is clear that the results are in
qualitative agreementwith expectation, the forces are significantly larg-
er than predicted. Similar problems have been reported by others: e.g.,
Fig. 2 in Ref. [13]. Given that we successfully compute the normal forces
at the contact line, why then do similar methods lead to an apparent
overestimate of the tangential forces?

We propose that the key to understanding this discrepancy is the
molecularly flat, layered lattice used to model the solid. This structure
induces a strong layering in the liquid close to the S-L interface, as
shown for example in Fig. 6 for CSL = 0.45, which mirrors that in the
solid. Since the forces depend on the densities of the interacting phases,
the layering directly affects the calculations. This effect was addressed
by Navascués and Berry [39], who argued that the thermodynamic
work of adhesion for a liquid being separated from a solid consists of
two terms: one that depends on the S–L interaction and is thework nec-
essary to remove the liquid from the solidwithoutmodifying its density
profile. The other is the energy released when the density distribution
relaxes to equilibrium profile for a liquid with a free surface. The stron-
ger the layering the greater will be the effect of this entropic term.

To check this idea, we randomly select 50% of the solid atoms be-
longing to the layer of the plates closest to the liquid phase and vary
the distance between them and the liquid molecules by a random
length ζ∈ [0,D] whereD=0.15, 0.2 and 0.3 nm. Fig. 6 shows the drastic
reduction in liquid layering asD is increased for θ0=90°. The associated
tangential forces are showed in Fig. 5b, where it can be seen clearly that
they approach γlv(1+ cosθ0) as liquid layering is reduced. We believe
the neglect of this effect may have lead to the discrepancies seen in ear-
lierwork [13]. The fact that Seveno et al. [12] achieved better agreement
is probably due to reduced layering around the highly curved nanofibre
modelled in the simulations and the use of an effective radius (necessi-
tated by the cubic lattice of the solid) to calculate the force per unit
length at the contact line.

5. Conclusions

By recovering γlvcosθ0 and γlvsinθ0 for, respectively, the tangential
and normal forces acting at the contact line, our large-scale MD simula-
tions have confirmed the validity of the Young's equation at the nano-
scale down to the width of the three-phase zone, i.e. 3.7 ± 0.23 nm in
our simulations. Below this scale deviations are to be expected. The nor-
mal pressure of the liquid has also been determined and shown to be
equal to the Laplace pressure; thus validating our methods. Finally,
the tangential force exerted by the liquid on the solid at the contact
line has been measured as a function of solid-liquid interactions and
Fig. 6. The liquid density profile in the z direction at the centre of the S-L interface for CSL=
0.45 showing the reduction in layering with increasing solid roughness D.
found to be greater than thework of adhesion expressed as γlv(1+ cos-
θ0). By introducing a small random roughness in the solid surface, we
have confirmed that this effect is due to the layering of the liquid in con-
tact with an ordered solid. The roughness eliminates the layering and
enables us to recover γlv(1+ cosθ0). While we can readily identify the
solid-liquid interface in our simulations, with many practical systems
the solid surface is rough at the atomic-scale and the solid-liquid inter-
face is diffuse and ill-defined. Thus, the issue of layering, while of funda-
mental importance in understanding Young's equation, may be less
critical in every-day applications.
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