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1 Introduction

It is fair to say that there is no widely accepted solution to the Quantum Gravity Problem

that has all the desired features. Therefore, pursuing different approaches to the problem

and constructing various simple toy models should help to shed more light and chart the

landscape of consistent quantum gravity models. One promising approach to get simple

models of this kind is via Higher Spin Gravity (HSG), i.e. by trying to extend the graviton

with massless higher spin fields. In the paper we prove that Chiral HSG [1–5] is one-loop

finite. A remarkable fact is that the multitude of non-renormalizable interactions, including

the two-derivative graviton self-interaction, conspire to give UV-convergent integrals thanks

to the higher spin symmetry [4, 5]. The final result for the one-loop amplitudes coincides,

modulo certain higher spin factors, with the all-plus helicity amplitude in QCD and SDYM.

The idea behind HSG is that a large gauge symmetry associated with a higher spin

extension of general relativity will leave no room for relevant counterterms, [6]. Another

idea behind HSG is to overcome the restriction N ≤ 8 on the number of supersymmetries

in supergravities [7]. While going beyond N = 8 requires higher spin fields one may also

embed the graviton into a multiplet of only bosonic higher spin fields [8]. The higher spin

symmetry should be powerful enough to guarantee the consistency at the quantum level

even without supersymmetry. One key property of HSG in dimension four and greater is

that the minimal multiplet that contains the graviton and at least one higher spin field

is always infinite [7–11]. Therefore, HSG are not quite conventional field theories, being

somewhat close to string theory where massive higher spin states play an important role.

It has been difficult to construct HSG’s even as classical theories due to numerous

inconsistencies usually caused by the presence of massless higher spin particles. The issues

arise both in flat [12–16] and, as was shown recently, anti-de Sitter spaces [17–21]. This

shows that the main challenges of HSG have little to do with the cosmological constant:1

1One can, however, find certain technical distinctions between the higher spin problem in flat space and

in (anti)-de Sitter one. For example, the gravitational interactions of higher spin fields do exist both in

AdS4 [22] and, surprisingly, in flat space within the 4d light-cone approach, but there does not seem to exist

their covariant formulation in terms of Fronsdal fields [23]. See e.g. [23, 24] for an account of discrepancies.
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massless higher spin fields require higher derivative interactions [9, 25, 26], while higher spin

symmetry can mix both spins and derivatives. The latter being in conflict with the very

basic principles of quantum field theory and is insensitive to the value of the cosmological

constant. Therefore, HSGs are very scarce. An optimistic view on these issues is that

HSGs can be good probes of the Quantum Gravity Problem since the quantum issues

are, to some extent, pushed to the classical level. Indeed, if the higher spin symmetry

forbids any relevant counterterms, it would suffice to have a classical HSG theory and an

appropriate regularization to give a consistent quantum gravity model.

A list of HSG that are well-defined and have actions is very short: topological massless

theories in 3d [27–30]; higher spin extensions of conformal gravity in 3d [31–33] and 4d [34–

36]; Chiral HSG [1–3]. The latter is, therefore, the only HSG with propagating massless

higher spin fields where direct quantum checks are possible.2 Therefore, we focus on Chiral

Theory that has a rather simple action, although in the light-cone gauge. Moreover, we

investigate Chiral Theory in flat space for simplicity reason since the UV-properties should

not depend much on the curvature. Note that the conformal HSGs have both flat and

anti-de Sitter spaces as consistent backgrounds and Chiral HSG has both flat and anti-de

Sitter versions [40, 41]. This again indicates that the cosmological constant plays no role.

The action of Chiral Theory [1–4, 41] is known in the light-cone gauge. Following

the same logic as string theory in the light-cone gauge [42] one attempts to construct the

generators of the Poincare algebra [25, 26], where the nontrivial relations to check are

[Ja−, Jc−] = 0 , [Ja−, P−] = 0 . (1.1)

The action is then obtained from the Hamiltonian P−. Eq. (1.1) fixes both the spectrum of

the theory and the interactions in P− and Ja−. One important property of Chiral Theory is

its minimality: it is the smallest higher spin theory that incorporates at least one higher spin

field with a nontrivial self-interaction and the graviton. In addition, Chiral Theory is not an

isolated one. It has to be a closed subsector of any other higher spin theory in four dimen-

sions. Technically, if we had an action of a theory that is dual to the large-N free or critical

vector model [43], or more generally to Chern-Simons Matter theories [44], we could erase

most of the terms and get the Chiral Theory’s action.3 This remarkable property is special

to four dimensions and is reminiscent of the relation between Yang-Mills Theory and its self-

dual truncation — in the light cone gauge the latter is obtained by erasing the quartic and

half of the cubic vertices [45]. The analogy can be made more precise due to the hidden self-

duality of Chiral Theory [46]. Another closely related example is self-dual gravity [47, 48].

Our main result is one-loop finiteness of Chiral Theory. A somewhat naive argument is

to use unitarity cuts. It was shown in [4, 5] that the physical (on-shell) tree-level amplitudes

do vanish in Chiral Theory. This vanishing is a result of a highly nontrivial cancellation

among all Feynman diagrams. Therefore, all one-loop cuts should vanish and the one-loop

amplitudes have to be finite rational expressions, as in self-dual Yang-Mills or for all-like

2Holographic HSGs face certain difficulties [18, 20, 21], but an (nonstandard) action can be reconstructed

from the CFT dual [37, 38]. Another interesting proposal is [39]. We are not aware of any other proposal

that would qualify, i.e. to give systematic well-defined predictions for interactions.
3It would be interesting to extract it also from [37, 38], which are close to the light-cone formulation.
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helicity in QCD [49–51]. However, the Hamiltonian is not Hermitian as in SDYM and some

subtle higher spin features can make the low-spin inspired arguments invalid. Therefore,

we directly approach the one-loop S-matrix elements for any number of legs. Nevertheless,

a modified unitarity argument allows us to represent the sum over all relevant one-loop

Feynman graphs as minus the sum over all possible insertions of the self-energy correction

into the tree diagrams. The latter are UV-finite and do not vanish. Therefore, the total

one-loop integrand does not lead to any UV-divergences.

The final result is that the complete n-point one-loop S-matrix element consists of three

factors: the all-like helicity one-loop amplitude in QCD (or self-dual Yang-Mills), which

can be anticipated from [46];4 a certain higher spin dressing — an overall kinematical factor

that accounts for the helicities on the external legs; a purely numerical factor of the total

number of degrees of freedom:

ΓChiral HSG, 1-loop = Γ++...+
QCD, 1-loop ×

[
kinematical

higher spin dressing

]
×

+∞∑
λ=−∞

1 . (1.2)

Direct evaluation of one-loop integrals with 2, 3 and 4 legs reveals the nuts and bolts of

how higher spin fields eliminate UV-divergences: the specific structure of higher derivative

interactions helps to factor enough momenta out of the integrand to make the integral UV-

convergent, which is somewhat reminiscent of N = 4 Yang-Mills Theory [52, 53] where one

power of the momentum suffice. The total number of effective degrees of freedom
∑+∞

λ=−∞ 1

should be regularized to 0 according to [54]. The final one-loop scattering amplitude

vanishes in Chiral Theory, which is consistent with the Weinberg and Coleman-Mandula

theorems. We note that the tree-level holographic S-matrix of Chiral Theory in AdS4 does

not vanish and is related [41] to the correlation functions in Chern-Simons Matter Theories,

which supports the dualities they were conjectured to exhibit [44, 55–59].

The paper is organized in a simple way. In section 2 we briefly describe Chiral Theory.

In section 3 the one-loop corrections are shown to be UV-finite and are then computed.

Conclusions and discussion can be found in section 4.

2 Chiral Higher Spin Gravity

We refer to [1–3, 5, 46, 60] for the detailed description of Chiral Theory and e.g. to [61] for

the systematical introduction to the light-cone approach.

A massless spin-s field in 4d can be described by two complex conjugate scalars Φ+s(p)

and Φ−s(p), which represent the helicity eigen states. Throughout the paper we work in

momentum space and p = (p+, p−, p, p̄), p2 = 2p+p−+ 2pp̄. It is convenient to use β ≡ p+

instead of p+. The light-cone notation might look cumbersome, but there is a direct

link to the spinor-helicity formalism [62–67]. Given several momenta pk, one introduces

Pkm = p̄kβm − p̄mβk and similarly for Pkm. The two-component spinors are defined as

|i] = 21/4

(
p̄iβ
−1/2
i

−β1/2
i

)
, |i〉 = 21/4

(
piβ
−1/2
i

−β1/2
i

)
. (2.1)

4As a side remark, the computation in the paper, after erasing the higher spin modes, can give a simple

way to compute one-loop amplitudes in self-dual Yang-Mills.
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The contractions can be expressed as

[ij] =

√
2

βiβj
Pij , 〈ij〉 =

√
2

βiβj
Pij , (2.2)

As is shown in [1, 2], given three massless states with helicities λ1,2,3, there exists a unique

cubic vertex provided λ1 + λ2 + λ3 > 0

Pλ1+λ2−λ3
12 Pλ1+λ3−λ2

13 Pλ2+λ3−λ1
23

βλ11 βλ22 βλ33

∼ Pλ1+λ2+λ3

βλ11 βλ22 βλ33

∼ [12]λ1+λ2−λ3 [23]λ2+λ3−λ1 [13]λ1+λ3−λ2 ,

(2.3)

where modulo momentum conservation all P12, P23, P31 are equivalent to

P =
1

3
[(β1 − β2)p̄3 + (β2 − β3)p̄1 + (β3 − β1)p̄2] . (2.4)

The light-cone vertex, which is off-shell, leads to the canonical spinor-helicity expression

for an amplitude [68, 69]. If λ1 + λ2 + λ3 = 0 then only the scalar cubic vertex is allowed,

i.e. λ1,2,3 = 0. Note that these constraints follow from locality, i.e. neither P− nor Ja− are

allowed to have inverse powers of the transverse momenta p, p̄. Analogously, one can write

down the vertices for λ1 + λ2 + λ3 < 0 that are expressed in terms of P and 〈ij〉.
The spectrum of Chiral Theory contains all integer or at least all even spins. Yang-Mills

gaugings are also possible [2, 5] with the pattern that is reminiscent of the Chan-Paton

method in string theory, see also [70]. To this end, one makes Φλ to take values in the

matrix algebra, the matrix indices being implicit. The action has the following simple form

S = −
∑
λ≥0

∫
(p2)Tr[Φλ(p)†Φλ(p)] +

∑
λ1,2,3

∫
Cλ1,λ2,λ3V (p1, λ1;p2, λ2;p3, λ3) , (2.5)

where Tr is the trace over the optional matrix indices and the vertices are the standard

ones

V (p1, λ1;p2, λ2;p3, λ3) =
Pλ1+λ2+λ3

βλ11 βλ22 βλ33

Tr[Φλ1
p1

Φλ2
p2

Φλ3
p3

]δ4(p1 + p2 + p3) . (2.6)

There coupling constants are fixed in a unique way to be

Cλ1,λ2,λ3 =
κ (lp)

λ1+λ2+λ3−1

Γ(λ1 + λ2 + λ3)
, (2.7)

where κ is dimensionless and plays no role in the paper and lp has the dimension of length.

The action contains only the chiral half of each vertex and is missing the conjugate vertices

built out of P. The lower spin terms include: C+1,+1,−1 corresponds to the chiral half of

the Yang-Mills cubic vertex FAA; C+2,+2,−2 ∼ lp corresponds to the chiral half of the

two-derivative graviton cubic vertex extracted from
√
gR. Certain higher derivative ‘coun-

terterms’ for low spin fields are also present: C+1,+1,+1 is the cubic three-derivative term

built out of the self-dual component F+ of the Yang-Mills field strength Fµν , Tr[F+F+F+]

and we omit the Lorentz indices; C+2,+2,+2 is the chiral half of the Goroff-Sagnotti [71]

counterterm ∫
√
g RµνρσR

ρσλτR µν
λτ , (2.8)
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There are also plenty of interactions involving higher spin fields. It is also important that

the scalar field is a part of the spectrum, but its cubic self-coupling is absent. In some sense

the action contains all possible reasonable interactions and all of them play both the roles

of basic interactions and of the necessary counterterms at the same time. This is consistent

with the general expectation that all possible terms should be present in the action.

For simplicity we will work with the large-N limit of the U(N) Chiral Theory. In the

latter case, fields Φλ are taken to be N × N matrices, the spin-one states Φ±1 turn into

a U(N) Yang-Mills field and all other components of the higher spin multiplet become

charged with respect to it. The formulas below are also valid, up to self-evident N -factors

and permutations, for the version of the theory that has all integer spins.

3 One-loop finiteness

The main argument is a generalization of the one used in [63] to compute Γ++++ amplitude

in pure QCD at one loop. We will prove that the sum of all one-loop integrands for the

n-particle one-loop S-matrix element is equal to the sum over the self-energy insertions

into various lines of the tree-level diagrams. The latter is UV-finite and we will compute it.

Let us take a sum of integrands of all one-loop Feynman diagrams with n external

on-shell momenta pi, p2
i = 0. We denote this sum F . The loop momentum is `. F is

a rational function of momenta pi, `. Note, that the vertices do not contain the minus-

component of the momenta. Therefore, p−i , `− appear only in the denominators, as a part

of the propagator, p2 = 2p+p−+ 2pp̄. Now, F , as a function of `−, vanishes at infinity and

has only simple poles. The poles correspond to some momenta along the loop going on-

shell in various diagrams that contribute to F . Since the loop momenta is to be integrated

over, there is a an ambiguity in the momenta assigned to the lines going around any loop.

Indeed, we can simply add any amount q to all momenta of the loop. We would like to

choose the momenta around the loop in such a way that the residues of F at the poles in

`− give the complete (n+ 2)-point tree-level amplitude:

F=
∑

`2→0−−−−→
residue

∑
=Atree(p1, . . . ,`, . . . ,−`, . . . ,pn) .

Dual momenta interlude. In order to make this happen it is convenient to introduce

dual momenta, see [63, 64, 72]. Any planar diagram gives a number of finite regions that

bound loops and a number of infinite region that are bound by external lines extended all

the way to infinity. Every region has a dual momentum associated to it. We denote the

dual loop momentum q and the dual regional momenta as ki, e.g.

– 5 –
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Here the relation between the original momenta `,pi and the dual momenta q,ki reads

` = q − k0, pi = ki − ki−1, kn ≡ k0 . (3.1)

Each ki is sandwiched by two external momenta pi+1 and pi while q is shielded by the

bubble. Note that for an n-point amplitude there are n independent ki instead of n−1 inde-

pendent pi (due to momentum conservation). Therefore, there should be a translation sym-

metry in the dual space to compensate for this redundancy in ki. The physical amplitude

must be translation invariant in ki. If this is so, then it is possible to solve for all ki in terms

of external momenta pi. At this point we move to the dual space. Each term in F has a loop

and now each segment of the loop has q−ki flowing through it for a certain i. The dual space

automatically leads to the correct routing of the momenta. Now, we consider F to be a

function of q, ki and are interested in the poles with respect to q−. The residue at each pole

gives the sum over all tree level diagrams with the same momenta on the external lines. The

latter is crucial for getting the complete tree-level amplitude as the residue (rather than just

a random sum of tree-level diagrams with different momenta on some of the external lines).

Back to the proof. It turns out that the interactions fine-tuned by the higher spin

symmetry make all tree-level amplitudes vanish [4, 5]. Therefore, we have a meromorphic

function F , whose residues vanish. Therefore, F ≡ 0. Note that F is just the total one-

loop integrand. However, we do not need all terms of F to get the S-matrix element. The

self-energy corrections and the tadpoles should be excluded. To this end, we represent F

as follows

F = F 1−loop
S + F 1−loop

bubbles + F 1−loop
tadpoles = 0 , (3.2)

where F 1−loop
S is the complete integrand for the one-loop S-matrix element and F 1−loop

bubbles,

F 1−loop
tadpoles are self-evident. The tadpoles and the cuts of tadpoles vanish by themselves.

Indeed, the tadpole has V (0, µ; `, λ;−`,−λ) ≡ 0 as a vertex. It is important that the cubic

self-interaction of the scalar field is absent, i.e. V (p1, 0;p2, 0;−p1 − p2, 0) ≡ 0.

There is a nontrivial, but finite, contribution from the self-energy insertions into various

external and internal lines, see below. As a result we have

F 1−loop
S + F 1−loop

bubbles = 0 , F 1−loop
tadpoles = 0 . (3.3)

Therefore, in order to get the full one-loop S-matrix element we need to sum over all

bubble’s insertions. The summation will be done with the help of the tree-level amplitudes

that are available [4, 5] and we briefly summarize the results.

Tree-level interlude. Despite the abundance of interactions among higher spin fields, all

tree-level amplitudes can easily be computed [3–5]. In order to avoid a tedious summation

over Feynman diagrams, a variation of the Berends-Giele method can be applied to get a

recursion relation. The four-point color-ordered amplitude is given by two diagrams

+

– 6 –
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which leads to [3–5],

A4(1234) =
δ(
∑

i pi)

Γ(Λ4 − 1)
∏4
i=1 β

λi
i

[
P12P34(P12 + P34)Λ4−2

(p1 + p2)2
+

P23P41(P23 + P41)Λ4−2

(p2 + p3)2

]
, (3.4)

where Λ4 = λ1 + . . . + λ4 and we drop the overall δ-function in what follows. Setting all

legs save for the first one on-shell, p2
1 6= 0, with a help of simple kinematical identities, it

can be simplified to

A4(1234) =
αΛ4−2

4

Γ(Λ4 − 1)
∏4
i=1 β

λi−1
i

β3 p
2
1

4β1P23P34
, (3.5)

where α4 = P12 +P34 = P23 +P41 is cyclic invariant. The recursion results in the following

n-point amplitude

An(1 . . . n) =
(−)n α

Λn−(n−2)
n β3 . . . βn−1 p

2
1

2n−2Γ(Λn − (n− 3))
∏n
i=1 β

λi−1
i β1P23 . . .Pn−1,n

, (3.6)

αn =

n−2∑
i<j

Pij + Pn−1,n , (3.7)

where Λn = λ1 + . . . + λn. As is claimed, it vanishes on-shell, which is manifested by the

overall p2
1 factor. Consistently with the Weinberg and Coleman-Mandula theorems the tree-

level amplitudes have to vanish on-shell in any higher spin gravity in flat space (they do not

vanish off-shell). This raises an interesting question of what are the possible observables in a

higher spin gravity that are Lorentz, hence higher spin, invariant and do not vanish on-shell,

if any. We note, that S = 1 in flat space has an AdS/CFT counterpart [10, 11, 43, 73, 74]

where the higher spin invariant holographic S-matrix has to be given by a free CFT’s

correlation functions which are the simplest invariants of higher spin symmetry [75–78].

Self-energy interlude. One more ingredient is the self-energy correction, which is a

subtle diagram to compute even for QCD in the light-cone gauge [63, 64]. We stress that

we will use dual momenta. The diagram is regularized with the help of a Gaussian cut-off

exp[−ξq2
⊥] in the transverse part of q. The diagram turns out to be UV-convergent, but

one has to analyze carefully the ξ → 0 limit, [5, 63]. The result for the self-energy diagram

in the planar limit of the U(N)-gauged Chiral Theory or for the N = 1 theory is [4, 5]

= ν0N
(lp)

Λ2−2

βλ11 βλ22 Γ[Λ2 − 1]

∫
d4q

(2π)4

P2
q−k0,p1δΛ2,2

(q − k0)2(q − k1)2

= ν0N(k̄2
0 + k̄0k̄1 + k̄2

1)
δΛ2,2(lp)

Λ2−2

96π2βλ1−1
1 βλ2−1

2 Γ[Λ2 − 1]
,

(3.8)

where ν0 =
∑

λ 1. It is important to note that the result is non-vanishing only when

Λ2 = λ1 + λ2 = 2. Below, we set Planck’s length lp = 1 for simplicity. There is an overall

numerical factor ν0. It results from the summation over the helicities running in the loop.

– 7 –
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There are two such sums, since there are two segments of the loop, and the second one

factors out after the first one is evaluated. Clearly, ν0 counts the number of degrees of

freedom in the theory and has nothing to do with the UV-convergence. We will discuss ν0

at the end. Note that the amplitude is not translation invariant in the dual space, i.e. it is

anomalous/ Therefore, it has to removed by a counterterm, which will be important later.

Inserting bubbles into tree-level diagrams. As for the tree-level amplitudes, the

direct summation over all tree-level diagrams with the bubble inserted is hardly feasible.

Instead, in order to compute F 1−loop
bubbles we apply another recursive relation, which can be

depicted as

[n/2]∑
i=1

=

[
+ + + . . .

]
.

(3.9)

Here, the blue blobs are the tree-level sub-amplitudes that are being glued to the bubble

(the white blob). First, the white blob sits on the leftmost external line. In the second

term it is one vertex away from the external lines on the left. In the third term it has

passed three external lines on the left and so on. The final . . . also implies the sum over

the cyclic permutations. Inserting the self-energy integral (3.8) will give a contribution of

(k+
j − k

+
i )2(k̄2

i + k̄ik̄j + k̄2
j ) , k+

j − k
+
i =

j∑
m=i+1

βm , (3.10)

where ki,j are the regional dual momenta that are adjacent to the inserted bubble. Note

that once we insert the bubble into an internal line, the two propagators get cancelled

against the p2-factors of the two tree-level diagrams (3.6) being glued. We also note that

the bubble is slightly off-diagonal in the helicity space since it has δλ1+λ2,2 instead of

δλ1+λ2,0 for the propagators.

One-loop amplitude. What remains is to massage the sum over the bubble’s insertions

and to put the minus sign in front. Let us write (3.9) in terms of P, k̄ and β components by

using (3.6) and (3.10). The diagrams in (3.9) correspond to gluing the bubble to the two

sub-amplitudes with the total number of external legs equal n and then taking the cyclic

permutations. We arrive at

(2.10) = Nn

[
[n/2]∑
i=1

(k̄2
0 + k̄0k̄i + k̄2

i )(
∑i

k=1 βk)
2

β1βiβi+1βn
Pi,i+1Pn1 + cyclic permutations

]
(3.11)

where

Nn = ν0
(−1)nαΛn−n

n

2n+33π2Γ[Λn − (n− 1)]
∏n
i=1 β

λi−2
i P12P23 . . .Pn1

. (3.12)
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As we have already stressed, all physical quantities must be translation invariant in the

dual space. Therefore, (3.11) should not change if we replace ki by ki + a for any a. One

way to see it is to solve for all ki except for k0 via ki = k0 +
∑i

j=1 pj . In order to see that

the resulting expression f(k̄0) does not depend on k̄0 we can take its derivative f ′(k̄0) to get

Nnk̄0

[
[n/2]∑
i=1

(
∑i

k=1 βk)
2

β1βiβi+1βn
Pi,i+1Pn1 + cyclic permutations

]
. (3.13)

This is nothing but (3.11) with all (k̄2
i +k̄ik̄j+k̄

2
j ) factors erased, times k̄0. It is easy to show

that this expression is indeed zero with the help of the momentum conservation, see various

identities in [5]. Once (3.11) is shown to be translation invariant, it can be expressed in

terms of external momenta pi only. This is quite remarkable since the self-energy diagram

itself, (3.8), is not translation invariant, it is anomalous.

Due to many kinematical identities involving βi and Pij , there is no unique way to

write the final result, but the following form is very suggestive

AHSG
1-loop =

[ ∑
1≤i1<i2<i3<i4≤n

β̌n−4
i1,i2,i3,i4

Pi1i2Pi2i3Pi3i4Pi4i1
2

n
2
−2P12P23 . . .Pn1

]
×DHSG × ν0 , (3.14)

where

β̌n−4
i1,i2,i3,i4

=

∏n
j=1 βj

βi1βi2βi3βi4
, DHSG =

(−)nαΛn−n
n

2
n
2

+53π2Γ[Λn − (n− 1)]
∏n
i=1 β

λi−1
i

. (3.15)

Clearly, the one-loop amplitude in Chiral Higher Spin Gravity consists of (i) a factor that

has a lower spin origin as it does not have enough P to account for λi; (ii) kinematical

higher spin dressing factor DHSG that accounts for helicities λi on the external lines, which

the first factor cannot accomplish; (iii) the total number of physical degrees of freedom ν0.

The first factor is telling. Applying the light-cone vs. spinor-helicity dictionary (2.2),

we discover the all-plus helicity one-loop amplitude in QCD or in self-dual Yang-Mills [49–

51]:

ASDYM, 1-loop = A++...+
QCD,1-loop =

∑
1≤i1<i2<i3<i4≤n

〈i1i2〉[i2i3]〈i3i4〉[i4i1]

〈12〉〈23〉 . . . 〈n1〉
. (3.16)

In other words, the one-loop amplitude in Chiral Higher Spin Gravity is found to be

AHSG
1-loop = A++...+

QCD,1-loop ×D
HSG × ν0 . (3.17)

Therefore, we get precisely the structure (1.2) that is sketched in the introduction. More-

over, when we set λi = 1, (3.17) reduces to just the SDYM/QCD amplitude times an

overall numerical factor, i.e. the higher spin dressing disappears.

Vacuum one-loop bubbles postlude. The last step is to explain what to do with the

overall numerical factor ν0. Any theory with infinitely many fields is not quite a field theory

in at least one respect: a prescription must be given on how to sum over the spectrum.

This issue is clearly visible in Kaluza-Klein reduction, see e.g. [79], and Exceptional Field

– 9 –
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Theories [80]. Due to the specific structure of interactions the same issue is not faced in

Chiral Theory at the tree level. Also, at the loop level, the only problem is to assign some

value to just one numerical sum. The situation is more complicated in conformal HSG [81]

and in a more general AdS4-HSG [18] (if the latter exists as a field theory, then Chiral

HSG is a subsector therein), where infinite sums occur already at tree-level.

We would like to review that the infinite sum ν0 is just the simplest example out of

a large web of results on one-loop determinants in higher spin theories [54, 82–90]. In

the absence of a theory, but having some prediction for its spectrum, one can compute a

vacuum one-loop partition function. The action of a free higher spin gravity reads

S =
∑
s

∫
ΦsKsΦs , Ks = −∇2 +M2

s , δΦa1...as = ∇a1ξa2...as + perm ,

where we partially fixed the gauge symmetry, so that the kinetic operator is just the Laplace

operator on Minkowski or anti-de Sitter space. We appeal to the covariant formulation for

a moment, where a spin-s field is described by a symmetric rank-s tensor. The gauge

transformations are also displayed. The one-loop partition function is

e−2F = Z2 =
1

det K0

det K̃0 det K̃1 . . .

det K1 det K2 . . .
(3.18)

where K̃s correspond to the kinetic terms of ghosts. To compute the free energy F in

anti-de Sitter space is technically challenging for two reasons: the spectral zeta function of

the Laplace operator on transverse traceless rank-s tensor is quite complicated. In addition

the infinite sum/product over all species needs to be taken, which requires a clever regular-

ization. We summarize the results for the free energy F in four dimensions [54, 84] below

all integer spins all even spins

flat space
∑

λ 1 = 0
∑

2λ 1 = 0

AdS4 ,∆ = 1 0 1
16

(
log(4)− 3ζ(3)

π2

)
AdS4 ,∆ = 2 −ζ(3)

8π2
1
16

(
log(4)− 5ζ(3)

π2

)
where ∆ = 1, 2 corresponds to the boundary conditions on the scalar field Φ0. The AdS4

results are highly nontrivial and the numbers fit quite well the conjectured AdS4/CFT3

dualities [84]. In the Minkowski case [54] there are no mass-like terms in Ks, K̃s and, as a

result Ks = K̃s. Therefore, in (3.18) it is tempting to cancel the denominators against the

corresponding terms in the numerator at least when the theory has all integer spins. This

gives Z = 1 and F = 0. Note that the AdS4 result for ∆ = 1, i.e. for the free vector model

on the boundary, also gives F = 0, but this occurs as a result of a nontrivial cancellation

over all spins. Since F counts the number of effective degrees of freedom, another way to

ensure F = 0 is to properly count the states:

ν0 =
∑
λ

1 = 1 + 2
∑
λ>0

λ = 1 + 2ζ(0) = 0 , (3.19)
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i.e. each massless field contributes two degrees of freedom and the scalar contributes one

degree of freedom. To conclude, both the Weinberg, Coleman-Mandula theorems and the

one-loop determinants instruct us to set ν0 = 0 and get S = 1. This can safely be done

since the one-loop amplitude is shown to be UV-finite.

4 Conclusions and discussion

We have shown that Chiral Higher Spin Gravity (HSG) is one-loop finite in flat space. This

is encouraging and indicates that the higher spin programme has good chances to fulfill its

goal to construct viable models of quantum gravity. Our result guarantees that the leading

divergences go away in Chiral Theory on AdS4 as well. There are, however, certain lower

derivative tails present in the AdS-uplift of the light-cone vertices [40] and it has to be

checked whether these additional terms can generate any UV-divergences.

4d Gravity is known to be one-loop finite: thanks to the Gauss-Bonnet invariant the

only seemingly non-vanishing counterterm C2
µν,λρ can be reduced to R2 and R2

µν that vanish

on-shell. As a result, there is no need to check one-loop diagrams with arbitrary number

of external legs. There is no similar argument for Chiral Theory or any other HSG. The

number of derivatives grows with spin. Therefore, one-loop diagrams with any number of

legs are naively UV-divergent and need to be examined, which is what we did in the paper.

Chiral Theory is a subsector of any other HSG in AdS4 that has the same spectrum.

Therefore, our results ensure cancellation of UV-divergences in a large class of diagrams

in these more general theories. However, there are certain new quantum corrections that

correspond to the chiral and anti-chiral interactions appearing in the same diagram or

coming from the other vertices that are neither chiral nor anti-chiral. The latter vertices

are known to be non-local [18–21], with the non-locality going beyond the one allowed by

the field theory approach. It remains to be seen if the non-localities can be tamed first at

the classical and then at the quantum levels. Note that in Chiral Theory the infinite sum

over the states shows up at the loop level only and has a simple form of a numerical factor,

but in more general HSGs, which have both chiral and anti-chiral interactions, the problem

appears already at the tree-level and it is not about an overall factor. The collision of the

chiral and anti-chiral sectors is at the core of the non-locality problem.

There are two more encouraging quantum checks of HSG that have been done so far:

(i) one-loop determinants that we already mentioned [54, 82–90]; (ii) one-loop corrections

to the four-point function via AdS unitarity cuts [91, 92]. The first one probes the free

spectrum of states. The second one reduces the problem of one-loop corrections to a certain

manipulation with the CFT data of the dual CFT, while a direct check would be beneficial.

An interesting feature of the obtained results is a relation to the self-dual subsector of

QCD, which is consistent with [46]. It is quite unexpected that a higher spin gravity theory

has any simple relation to the real world non-gravitational physics. At the same time the

holographic S-matrix of Chiral Theory on AdS4 is directly related to Chern-Simons Matter

theories. At the level of three-point functions it allows to determine correlation functions

of higher spin currents in the large-N Chern-Simons Matter theories for any value of the ’t

Hooft coupling [41]. More generally, Chiral HSG should be dual to a certain subsector of

– 11 –
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Chern-Simons Matter theories. It would be interesting to see how far the relation to the

QCD amplitudes extends into the HSG world and into Chern-Simons Matter theories.

As our proof indicates, the cancellation of UV-divergences in HSGs is a very subtle

effect. Indeed, (at least some of) the one-loop amplitudes are related to the all-plus helic-

ity amplitudes in QCD and SDYM. These amplitudes are quite sophisticated: the naive

integrand vanishes in d = 4 and in dimensional regularization it can be seen to vanish as

(d − 4), while the loop integral gives a simple pole (d − 4)−1, the final result being finite.

In the light-cone gauge the appearance is different: the entire one-loop amplitude comes

from the insertions of the self-energy correction into tree-level diagrams. The self-energy

correction turns out to be finite, but it violates the translation symmetry in the dual

momentum space. Therefore, it is anomalous. Nevertheless, the sum over all self-energy

insertions turns out to be translation invariant and, hence, well-defined. There is a lot of

similarities between HSGs and topological theories (e.g. the effective number of degrees

of freedom vanishes in the topologically trivial setup), like Chern-Simons theory, where

nontrivial effects arise due to nontrivial topology and/or require a subtle regularization.

It would very interesting to explore further the relation between Chiral HSG and self-

dual Yang-Mills theory [46]. For example, the two- and higher-loop amplitudes should

vanish identically. Therefore, Chiral Higher Spin Theory should be one-loop exact.
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