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Power-Law Spatial Correlations in Arrays of Locally Coupled Lasers
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We investigate correlations of the intensity fluctuations of two-dimensional arrays of nonidentical,
locally coupled lasers, numerically and experimentally. We find evidence of a power-law dependence of
spatial correlations as a function of laser pair distance (or coupling strength) near the phase-locking
threshold.
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FIG. 1. Experimental setup. The Nd:YAG (neodymium doped
yttrium aluminum garnet) crystal is pumped by nine beams
from an argon laser. The intensities of the nine lasers are
first report experiments on a two-dimensional square recorded simultaneously by the charge coupled device camera.
The study of large populations of interacting ele-
mentary oscillators, systems likely to display self-
organization and spatiotemporal chaos, has relevance in
many areas of science ([1,2] and references therein).
Revealing universal principles underlying the emergence
of coherence in systems that differ in the intrinsic dy-
namics of their individual elements and the coupling
topology is an important issue. One generally discerns
three different kinds of coupling: local coupling where
each element interacts only with its direct neighbors,
global coupling where each element interacts with all
the others, and nonlocal coupling, which is the intermedi-
ate case. Global coupling was demonstrated by Winfree
[3] and Kuramoto [4] to induce a cooperative phenome-
non, analogous to a phase transition, in the case of infinite
sets of limit-cycle oscillators with different frequencies.
Very recently, Kiss and co-workers quantitatively tested
this theory successfully with an electrochemical system
[5]. In addition, they found qualitatively similar results
when the oscillators operate in chaotic regimes. In the
case of large sets of perfectly identical but nonlocally
coupled periodic and chaotic oscillators, Kuramoto and
Nakao gave evidence that spatial correlations decay with
a power law on length scales smaller than the range of
coupling [6,7]. As far as we are aware, this behavior has
not yet been reported in an experiment.

Laser arrays are excellent examples of coupled non-
linear oscillators; they are experimentally realizable sys-
tems in which the coupling strength between elements
can be tuned over several orders of magnitude. Phase
transitions similar to those studied in Refs. [3,4] have
been numerically predicted in the case of globally
coupled lasers [8–10]. In contrast, power-law spatial cor-
relations have been neither predicted nor experimentally
observed in laser arrays.

The results of experiments and numerical simulations
presented in this Letter are devoted to the study of the
power-law dependence of the spatial correlations in ar-
rays of nonidentical, locally coupled, chaotic lasers. We
0031-9007=04=92(9)=093905(4)$22.50 
array of nine lasers where each element is coupled to
its nearest neighbors via feedback from an intracavity
element. A power-law dependence of the spatial cross-
correlation coefficients as a function of relative pair dis-
tance is experimentally observed. In a second step, we
numerically investigate a model of this system and show
that it reproduces the experimental observations. In order
to minimize the edge effects inherent to a small array and
to substantiate our results, we finally investigate the be-
havior of a much larger array and numerically demon-
strate a progressive emergence of coherence and a very
clear power-law dependence of the spatial correlations as
a function of the local coupling strength. These new
results are of general interest and provide evidence of
power-law spatial correlations in an experimental system.
In addition, we show that this behavior is not restricted to
large sets of identical, nonlocally coupled oscillators but
occurs also with arrays of nonidentical, locally coupled
oscillators, and that the power law extends over a spatial
range much larger than the coupling.

Figure 1 presents schematically the experimental
setup. A Dammann holographic grating creates a two-
dimensional square array of nine (3� 3) distinct pump
beams with nearly equal powers from a single inci-
dent beam emitted by an Ar� laser (� � 514:5 nm).
2004 The American Physical Society 093905-1
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FIG. 2. (a) Experimentally measured ensemble-averaged
cross-correlation coefficient h�ii as a function of the relative
group separation Di=dn:n: in the case of a nine laser array. The
three sets of data are related to slightly different tilts of the lens
array. (b) Numerically calculated h�ii versus Di=dn:n: in the
case of a nine laser array. The angular detuning frequencies are
chosen from a normal random distribution with mean zero and
standard deviation of �!c � 2� 105 s
1 (squares), 3�
105 s
1 (circles), and 2:5� 2�� 105 s
1 (crosses). They are
generated by the randn MATLAB function. The state of the
generator is set to 1. The corresponding values of dn:n: are 545,
535, and 485 �m, respectively.
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The period of the Dammann grating is 158:9 �m leading
to an angular separation between the diffracted beams of
3.24 mrad. The grating is located at the focus of a lens
(L1, 240 mm focal length) such that, after passing
through the lens, the nine beams propagate parallel to
the optic axis with a separation of 768 �m, and their
waist is located inside a Nd:YAG crystal (5 mm long,
5 mm diameter). Each pump beam generates an infrared
laser beam lasing at 1064 nm. The resonator (about 15 mm
long) is constituted on one side by the external facet of the
crystal that is high-reflection coated and, on the other
side, by a 2% transmissive output coupler (OC). A micro-
lens array (L2, focal length 8.6 cm) is inserted within the
resonator. The center-to-center spacing of the lens array is
equal to the distance between the beams for proper beam
overlap with all of the laser cavity spatial modes. The
convex surfaces of the lenses are not antireflection coated,
while the other side is. Because each beam expands as it
propagates, and because of the Fresnel reflection (about
4% of the incident power) on the convex surface of the
lenses, the effective area of the feedback beams is sub-
stantially larger (about 40%) on return than the original
beams. This enlargement provides coupling between ar-
ray elements. The coupling is local to a good approxima-
tion as its strength decreases exponentially with the laser
separation. By contrast, there is no appreciable coupling
between the laser inversions inside the crystal as the
pump beams have 1=e2 beam radii of about 20 �m, which
is negligible in comparison with the laser separation. The
intensities of the nine lasers are recorded simultaneously
by using a charge coupled device (CCD) camera. An
acousto-optic modulator (AOM) is used as an electroni-
cally controlled variable-time shutter.

While the lasers are stable when they are separate, they
are driven completely unstable in the presence of the
coupling [11]; the individual intensities, but also the total
intensity, show large fluctuations. In addition, the line-
width of a single laser is measured to be larger than
3 GHz, as opposed to less than 20 MHz for a single
longitudinal mode in the absence of coupling of the laser
element with its neighbors. In order to quantify the de-
gree of correlation between the elements of the array, we
compute the ensemble-averaged spatial cross-correlation
coefficients h�ii. We define the spatial cross-correlation
coefficients �i as

�i �

PMi

j;k2fig Cj;k

Mi
; (1)

where the sum is taken over all Mi pairs of lasers j
and k whose distance is Di. In Eq. (1), Cj;k is the cross-
correlation coefficient between the intensities of the opti-
cal fields emitted by lasers j and k, i.e., the ratio of the
covariance between the two intensities to the product of
the standard deviations of the respective intensities. If the
distance between nearest-neighbor pairs is taken to be
dn:n:, the only possible relative distances between laser
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pairs in the 3�3 array and the corresponding number of
pairs are Di=dn:n: � 1,

���
2

p
, 2,

���
5

p
, and

���
8

p
, and 12, 8, 6, 8,

and 2, respectively. The ensemble averaging is then
achieved by computing the average value of these quan-
tities over 20 realizations. Figure 2 presents the ensemble-
averaged cross-correlation coefficients h�ii as a function
of pair distances (Di=dn:n:) for three slightly different
microlens tilts. A clear power-law dependence of the
spatial correlations as a function of pair distance is
evident.

We describe the system under study as a set of N single
transverse and longitudinal mode class B lasers that are
coupled linearly to each other through their optical fields.
The N equations for the slowly varying complex electric
fields Ei and the N equations for the corresponding gains
Gi are

dEi
dt

� �
1
c

 
�Gi 
 �i�Ei 


XN
j�1;j�i

�ijEj

!
�i!iEi; (2)

dGi

dt
� �
1

f �pi 
Gi 
GijEij2�; (3)

where �c is the cavity round-trip time and �f is the fluo-
rescence time of the upper lasing level of the Nd:YAG for
the 1064 nm transition. pi and �i are the pump and cavity
loss coefficients of laser i, respectively. !i is the angular
093905-2
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FIG. 3. Numerically calculated ensemble-averaged cross-
correlation coefficient h�ii as a function of the relative group
separation Di=dn:n: in the case of a 400 laser array for five
different values of the nearest-neighbor separation dn:n:,
namely, 500 �m (open triangles), 460 �m (filled triangles),
440 �m (crosses), 430 �m (squares), and 422 �m (stars). The
distribution of the angular detuning frequencies is generated in
the same way as in Fig. 2(b) but with a standard deviation
�!c � 2:5� 2�� 105 s
1. The first ten data points of each
distribution have been approximated with the power law h�ii �
c
 b�Di=dn:n:�

a. The corresponding values of the exponent a
are given in the figure.
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detuning frequency of laser i from a common cavity
mode. �ij, the coupling strength between lasers i and j, is
taken to be proportional to the overlap of the cavity mode
of laser i with the reflected beam of laser j, and reads

�ij � 2r
wivj

w2
i � v2

j

exp

 



d2ij
w2
i � v2

j

!
; (4)

where wi is the average 1=e2 beam radius of the Gaussian
intensity profile of the cavity mode of laser i in the
crystal while vj is the average beam radius of the re-
flected beam of laser j. r is the reflection coefficient of the
microlens array and dij is the distance between lasers i
and j. The coupling strength is normalized such that
�ij � 1 when dij � 0, r � 1, and wi � vj. For simplicity,
we assume the coupling strengths real and positive.
Although this simplification is significant, the model
allows one to reproduce the experimental results. In the
numerical simulations, we use parameter values that are
in agreement with the experiment, namely �c � 200 ps,
�f � 240 �s, pi � 0:02, r � 0:21, �i � 0:01, wi �
105 �m, and vj � 143 �m, and that we assume to be
identical for all the elements of the array, the frequency
detuning excepted. In the following, we consider
Gaussian frequency detuning distributions in the laser
array. Randomly chosen detunings with different stan-
dard deviations are used to mimic the experimental varia-
tion of the orientation of the lens array. In the absence of
detuning, the power emitted by each laser is stationary
while, in the presence of detuning, the lasers can be
driven unstable depending on the coupling or equivalently
the nearest-neighbor separation, dn:n: [11]. If the separa-
tion is too large, the interaction between the lasers is so
weak that their phases are completely unlocked. By con-
trast, if the coupling is too strong, then the powers emit-
ted by the lasers are again constant, but this time the
phases are perfectly locked. At this point, it is important
to note that although each laser is coupled to all the others
in Eq. (2) the coupling strength between two nearest-
neighbor pairs is larger by at least 2 orders of magnitude
than the coupling strength between more distant lasers. In
other words, the coupling is effectively local [12]. The
individual coupled lasers display chaotic dynamics for the
parameter values used.

Figure 2(b) displays the spatial cross-correlation co-
efficients h�ii as a function of the relative pair dis-
tances (Di=dn:n:) for three different standard deviations
of detuning frequency distributions, namely, �!c � 2�
105 s
1, 3� 105 s
1, and �2:5� 2�� 105� s
1. The cor-
responding nearest-neighbor separations were chosen so
that the coupling is slightly less than that necessary to
achieve phase locking (dn:n: < 421 �m for phase locking)
and so that the lasers are in a chaotic regime. The spatial
cross-correlation coefficient �i is ensemble averaged by
computing five time series of 2 �s each from different
sets of randomly chosen initial conditions. The figure
reveals that, for the set of parameters considered here,
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the ensemble-averaged cross-correlation coefficients de-
crease steadily with increasing relative distance between
laser pairs, (Di=dn:n:). From multiple numerical simula-
tions, it appears that only positive correlations are ob-
served when the standard deviation of the frequency
detuning distribution is large [crosses in Fig. 2(b)]. By
contrast, negative correlations can generally be found
only when the standard deviation is small enough
[squares in Fig. 2(b)]. Comparing Figs. 2(a) and 2(b)
shows that the model can predict a behavior of h�ii very
similar to that experimentally observed.

We are now interested in the dependence of the
ensemble-averaged spatial correlations as a function of
the nearest-neighbor separation, dn:n:, the random distri-
bution of the detuning over the laser array being kept
constant. Intensive numerical simulations reveal that the
obtained results are qualitatively the same regardless of
the number of elements in the array. The results are also
robust with respect to mismatches of laser parameters
and still valid in the absence of several elements of the
array. Indeed, we observe a clear power-law dependence
of h�ii on the relative pair distance, as already suggested
by Figs. 2(a) and 2(b) for the nine-element array. In order
to substantiate this behavior and to minimize the un-
avoidable edge effects (the lasers on the edges interacting
with fewer neighbors), we consider below a rather large
array of 400 lasers (20� 20). Here, the standard devia-
tion of the angular detuning frequency random distribu-
tion over the array is chosen to be �2�� 2:5� 105� s
1.
093905-3



FIG. 4. Numerically calculated exponent a as a function of
the coupling strength and the distance between the nearest-
neighbor lasers.
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As a consequence, the frequency difference between
many nearest-neighbor pairs is of the order of the relaxa-
tion oscillation frequency of the solitary lasers. Figure 3
displays the numerically computed h�ii as a function of
the relative distance between laser pairs (Di=dn:n:) for
different values of the nearest-neighbor separation dn:n:,
for which the system operates in a chaotic regime. For
rather large separation, the spatial correlation beyond the
neighbors is strongly damped revealing the lack of any
appreciable synchronization across the array. As dn:n:
decreases, the correlation between nearest neighbors in-
creases rapidly; at the same time h�ii rolls off less and
less steeply with increasing relative distances (Di=dn:n:).
The correlation coefficients presented in Fig. 3 suggest a
clear power-law dependence of the ensemble-averaged
cross-correlation coefficients of the form h�ii �
c
 b�Di=dn:n:�

a over a spatial range much larger than
the coupling. The least-squares approximations related to
the numerically calculated coefficients where the c pa-
rameter was optimized to minimize the approximation
error are also presented in Fig. 3. The figure shows ex-
cellent agreement between the power-law approximations
and the numerical computations of h�ii with the exponent
a varying continuously with dn:n:, which is characteristic
of the transition from cusp-peaked to flat correlation
distributions, as already observed by Kuramoto and
Nakao for a large population of identical, nonlocally
coupled, chaotic oscillators [6,7]. The behavior of the
correlation exponent a with respect to the coupling
strength and, equivalently, the distance between nearest-
neighbor lasers is displayed in Fig. 4. The exponent is
093905-4
observed to vary continuously with the coupling strength,
which is again in agreement with the theory developed in
Refs. [6,7]. Finally, we also found from numerical simu-
lations that the origin of the power-law dependence is
related to the large ratio of time scales (approximately
106) for the fluorescence and cavity lifetimes, as for our
experiments. The range of coupling strengths for obser-
vation of the power-law becomes significantly smaller as
this ratio decreases.

In summary, we have investigated both experi-
mentally and theoretically the behavior of the spatial
cross-correlation coefficients in arrays of locally coupled,
nonidentical, class B lasers and demonstrated that they
obey a power law with respect to relative laser separation.
These new results lead us to expect that previous theo-
retical predictions by Kuramoto and Nakao [6,7] are not
restricted to large sets of chaotic, identical, nonlocally
coupled oscillators but can be generalized to a much
broader class of dynamical systems.
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