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Abstract
Optimizing over the efficient set of a multi-objective optimization problem is among the
difficult problems in global optimization because of its nonconvexity, even in the linear
case. In this paper, we consider only properly efficient solutions which are characterized
through weighted sum scalarization. We propose a numerical method to tackle this problem
when the objective functions and the feasible set of the multi-objective optimization problem
are convex. This algorithm penalizes progressively iterates that are not properly efficient and
uses a sequence of convex nonlinear subproblems that can be solved efficiently. The proposed
algorithm is shown to perform well on a set of standard problems from the literature, as it
allows to obtain optimal solutions in all cases.

Keywords Multi-objective programming · Convex optimization · Properly efficient set ·
Penalty approach

1 Introduction

Multi-objective optimization (also referred to as vector or multi-criteria optimization) deals
with the situations where one wishes to minimize several conflicting objectives. Formally, a
multi-objective optimization problem (MOP) can be formulated as follows

min
x

(
f1(x), . . . , f p(x)

)
such that x ∈ X , (1)

where p ≥ 2, x = (x1, . . . , xn) is the vector of decision variables, X ⊆ R
n represent the

feasible set and fk : R
n → R (k = 1, . . . , p) are the objective functions. A solution of (1) is

efficient if it is impossible to improve the value of one objective functionwithout deteriorating
at least one of the others, and it isweakly efficient if it is impossible to simultaneously improve
all the values of the objective functions. Solving (1) requires to find the set of all efficient
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solutions (Pareto optimal solutions) or the set of all weakly efficient solutions (weak Pareto
optimal solutions). The problem (1) has beenwidely studied in the literature both theoretically
and practically; see for example Steuer (1986), Luc (1989), Miettinen (1999), Ehrgott (2005)
and Chinchuluun and Pardalos (2007).

In many situations, the decision-making process does not require explicit enumeration
of all efficient solutions, but only efficient solutions achieving the optimum of some scalar
function expressing the decision maker’s preferences within the set of (weak) Pareto optimal
solutions. This is the problem of optimizing over the (weakly) efficient set introduced by
Phillip (1972). This variant of multi-objective optimization avoids numerical difficulties
related to generating all efficient solutions; see, e.g., Konno et al. (1997), Benson (1984),
Benson (1986) and Benson (1992). For example, one may want to find the extreme values
attained by the objective functions over the efficient set, which are of great practical use;
see, e.g., Dessouky et al. (1986), Benson (1992). They are obtained by optimizing one of
the objective functions of problem (1) over the efficient set. In this context, we can refer to
Dessouky et al. (1979), Dessouky et al. (1986), Benson (1984), Isermann and Steuer (1987),
Reeves and Reid (1988) and Alves and Costa (2009). Optimizing over the efficient set can
also be used in other situations; see for example Benson (1984), Shigeno et al. (2003) and
Thach and Thang (2014).

The difficulty of optimizing over the (weakly) efficient set is that it is not explicitly given by
a system of inequalities and, in general, it is not convex. It is therefore a difficult non-convex
optimization problem, even for the linear casewhere the objective functions fk’s are linear and
the feasible set X is a polyhedron. Most of the proposed methods to tackle this problem focus
on the linear case. Several methods were developed following the work of Phillip (1972); see
for instance Dessouky et al. (1979), Benson (1984), Benson (1986), Benson (1992), Benson
(1993), Ecker and Song (1994), Jorge (2005), and the survey by Yamamoto (2003) and the
references therein. Other authors have been interested in optimizing a nonlinear function that
is convex or quasi-convex; see for example Dauer (1991), Bolintinéanu (1993), Thach et al.
(1996), Benson and Lee (1996), Horst and Thoai (1999), Muu (2000) and Luc (2001).

However, the literature dealing with this problem is relatively poor for nonlinear multi-
objective problems due to its difficulty. Most of the algorithms proposed in the literature
seek to globally solve this problem through global optimization techniques. In (Yamada et al.
2000) and (Yamada et al. 2001), two inner approximation algorithms were developed to
optimize a convex function on the weakly efficient set where the objective functions in (1)
are linear and X is a compact convex set. Thoai (2000b) has generalized the conical branch
and bound algorithm proposed by Horst and Thoai (1999) to solve more general problems
of minimizing a nonlinear function on the efficient set of (1) where the objective functions
are nonlinear and X is a closed set. An outer approximation algorithm was proposed by
Thoai (2000a) to solve the special case where the underlying multi-objective problem (1)
is convex and the function to be optimized is a nondecreasing composite quasi-concave
function of the criterion functions of (1). In (Tuyen and Muu 2001), an algorithm based on
the branch and bound approach was proposed to minimize a convex function on the weakly
efficient set of problem (1) where X is a compact convex set, and the objective functions,
in (1), are affine fractional. Tuy and Hoai-Phuong (2006) proposed a new approach to solve
more general problems, which consists in reformulating the optimization problem over the
(weakly) efficient set as a non-convex optimization problem under composite monotonic
constraints, which were then solved using monotonic optimization methods. An algorithm
based on the branch and bound approach was proposed by Benson (2012) to minimize a
convex function on the weakly efficient set of a convex nonlinear multi-objective problem.
Recently, based on primal and dual variants of Benson’s algorithm (Hamel et al. 2014), Liu
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and Ehrgott (2018) proposed both primal and dual algorithms for optimizing a linear function
over the efficient set of a convex multi-objective optimization problem. It is worth noting
that most of these algorithms based on the techniques of global optimization are only able to
solve moderate sized problems.

In addition to these algorithms, some authors have been interested in finding approximate
solutions using numerical techniques. To the best of our knowledge, this has been considered
for the first time byWhite (1996). The author discussed the theoretical properties of different
formulations based on penalty functions to solve the linear case. In (Bolintinéanu and El
Maghri 1997), an exact penalty algorithm was proposed to minimize a concave function on
the weakly efficient set of a linear multi-objective problem. However, no numerical studies
were reported. Recently, some works have focused on solving the semivectorial bilevel pro-
gramming problem which is a generalization of the optimization over the efficient set; see
Bonnel and Morgan (2006), Ankhili and Mansouri (2009), Zheng and Wan (2011), Calvete
and Galé (2011) and Ren and Wang (2016). Only few algorithms have been developed and
it is worth noting that most of them are based on a penalty approach.

In this paper, we consider the problem of minimizing a convex function over the efficient
set of a convex nonlinearmulti-objective optimization problem inwhich fk , k = 1, . . . , p, are
convex quadratic functions and X is a compact convex set. Although we focus on quadratic
convex objective functions, our approach can be generalized to smooth convex objective
functions in a straightforward way. Problems of this type have several applications, including
finance models such as the portfolio optimization problem (Konno and Inori 1989; Thach
et al. 1996; Ogryczak 2000; Steuer et al. 2007.

In this paper, a new algorithm based on the Karush-Kuhn-Tucker optimality conditions of
the weighted problem of (1) is proposed that is easy to implement. This method is inspired by
the penalty approach for nonlinear optimization; see for instance Nocedal andWright (1999).
Although it does not necessarily find an optimal solution, it is guaranteed to provide an
efficient solution. In all the tested cases from the literature, it was able to compute an optimal
solution. Notice that our main focus is only on efficient solutions obtained with positive
weight vectors, that is, the properly efficient solutions. The concept of proper efficiency was
introduced firstly by Kuhn and Tucker (1951) and later redefined by Geoffrion (1968), in
order to eliminate efficient solutions which display some undesirable properties; see Kuhn
and Tucker (1951).

The paper is organized as follows. Section 2 describes the optimization problem over the
efficient set and presents some basic definitions related to multi-objective optimization. In
Sect. 3, two reformulations of the problem are given. The algorithm and its implementation
are described in Sect. 4. In Sect. 5, the proposed algorithm is first tested on different small-
scale cases from the literature (up to 20 variables and 3 objectives), and a sensitivity analysis
of its parameters is performed. It is also tested onmedium-scale problems (up to 150 variables
and 3 objectives) motivated by the computation of nadir points. Some concluding remarks
and some perspectives are given in the last section.

2 Preliminaries

In this paper, we consider (1) where the fk’s are convex quadratic functions

fk(x) = 1

2
xT Qkx + cTk x, k = 1, . . . , p
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with Qk ∈ R
n×n is a symmetric, positive semidefinite matrix (which we denote Qk � 0) and

ck ∈ R
n . As mentioned above, our approach will be easily generalized for smooth convex

functions fk’s.We focus on the quadratic case for simplicity. Hencewe focus on the following
convex multi-objective optimization problem (CMOP)

min
x

(
f1(x), . . . , f p(x)

)

such that Ax = b, x ≥ 0,G(x) ≤ 0, (2)

where A ∈ R
m×n , with m ≤ n and rank(A) = m, and b ∈ R

m . We will denote ai the i th row
of A so that the i th linear constraint is given by aTi x − bi = 0. The function G : R

n → R
c

is such that G(x) = (g1(x), . . . gc(x)), and G(x) ≤ 0 means that g�(x) ≤ 0 for each
� ∈ {1, . . . , c}. The feasible set is given

X = {x ∈ R
n | Ax = b, x ≥ 0, G(x) ≤ 0},

and we will assume that

1. X is a compact and nonempty set,
2. for each � = 1, . . . , c, the constraint function g� is continuously differentiable and

convex, which implies that X is a convex set,
3. the gradients of the active constraints are linearly independent at any feasible point.

Unlike the case with a single objective, the optimal solution for multi-objective optimiza-
tion is in general not a single point but a set of solutions where each solution represents a
compromise between the different objectives. To solve this type of problems, one has to find
all efficient solutions or weakly efficient solutions in the sense of the following definitions
(Ehrgott 2005).

Definition 1 A feasible point x̂ ∈ X is an efficient (Pareto optimal, nondominated) solution
for problem (2) if and only if there does not exist x ∈ X such that f (x) ≤ f (x̂) and
f (x) �= f (x̂).

Definition 2 A feasible point x̂ ∈ X is a weakly efficient (weakly Pareto optimal, weakly
nondominated) solution for problem (2) if and only if there does not exists x ∈ X such that
f (x) < f (x̂).

Some efficient solutions are well known for having some undesirable features such as
allowing unbounded trade-offs between objectives (Kuhn and Tucker 1951; Geoffrion 1968).
In order to avoid such solutions, a slightly restricted definition of efficiency was introduced,
namely, the notion of proper efficiency. In this paper, we use the definition of Geoffrion.

Definition 3 (Geoffrion 1968) A feasible point x̂ ∈ X is a properly efficient solution if it
is efficient and if there exists some real number M > 0 such that, for each k and x ∈ X
satisfying fk(x) < fk(x̂), there exists at least one f j such that f j (x̂) < f j (x) and

fk(x̂) − fk(x)

f j (x) − f j (x̂)
≤ M .

In other words, properly efficient solutions are efficient solutions for which, given any
objective, the trade-off between that objective and some other objective is bounded from
above. An efficient point that is not properly efficient is said to be improperly efficient.

Let us denote X pE , XE and XwE the set of properly efficient solutions, the set of all
efficient solutions, and the set of all weakly efficient solutions of problem (2), respectively,
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so that X pE ⊆ XE ⊆ XwE . It is well known that in general the set XwE is closed but XE

and X pE are not necessarily closed. In the linear case the two sets X pE and XE are equal and
closed. Note that under the convexity assumption, the sets X pE , XE and XwE are connected.
We can now define the problem which will be the focus in this paper, namely optimizing a
convex function over the efficient set of problem (2):

inf
x

φ(x) such that x ∈ XE ⊆ X , (3)

where φ : R
n → R is convex and continuous function on X . We will focus on properly

efficient solutions, and hence focus on the problem

inf
x

φ(x) such that x ∈ X pE ⊆ X , (4)

Problems (3) and (4) are difficult optimization problem, even in the linear case where the
objective function φ(x) is linear and (2) is a linear multi-objective optimization problem,
because the feasible sets XE and X pE are not convex in general. The motivation for consid-
ering only properly efficient solutions is two-fold. First, this set of solutions is technically
easier to deal with. Second, these solutions are usually more useful to the decision maker, as
having bounded trade-offs between the objectives. The characterization of these solutions is
established via positive combinations of the objective functions; see Theorem 1 below.

3 Reformulations of (4)

In this section, we give two reformulations of problem (4). First, we transform (4) into
a nonlinear bilevel problem. Then, we transform this second problem into a single level
problem using the Karush–Kuhn–Tucker (KKT) optimality conditions of the lower level
problem. Both formulations will be useful in the design of our algorithm described in Sect. 4.

It is well known that any properly efficient solution of a convex multi-objective optimiza-
tion problem can be obtained by varying the positive coefficients; see for example Geoffrion
(1968), Miettinen (1999), Ehrgott (2005). Let us denote the set of possible weights as

Λ = {λ ∈ R
p | λ > 0 and

p∑
k=1

λk = 1}.

Given λ ∈ Λ, the weighted problem associated with (2) is defined by

min
x∈X fλ(x) with fλ(x) =

p∑
k=1

λk fk(x), (5)

where the λk’s weight the different objective functions. In the remainder of the paper, we
denote Qλ = ∑p

k=1 λk Qk and cλ = ∑p
k=1 λkck so that fλ(x) = 1

2 x
T Qλx + cTλ x . Note that

(5) is a convex optimization problem since X is a convex set and the objective function is
also convex since Qk � 0 for each k implies Qλ � 0.

Theorem 1 (Geoffrion 1968) A feasible solution x̄ is properly efficient for problem (2) if and
only if there exists a weight vector λ ∈ Λ such that x̄ is an optimal solution of the weighted
problem (5).

Let us illustrate this result with a simple example.
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Fig. 1 The set X pE of the CMOP from Example 1: X pE does not contain the points A and B

Example 1 Let f1(x1, x2) = x1, f2(x1, x2) = x2 and

X =
{
(x1, x2) ∈ R

2 | 1
4
(x1 − 2)2 + (x2 − 1)2 ≤ 1

}
.

The efficient set in the decision space is the bold curve between A and B shown in Fig. 1. The
two boundary points A and B are efficient, and correspond to the unique optimal solutions
of (5) for λ = (1, 0) and λ = (0, 1), respectively. However, they are not properly efficient
since there is no λ > 0 such that they are optimal solutions of (5); see Fig. 1.

Notice that if λ is allowed to have zero entries, any optimal solution of (5) may be weakly
efficient but not necessarily efficient unless it is the unique optimal solution (this is the case
for example for the boundary points A and B of XE in Example 1). However, the use of
λ > 0 in (5) leads to the following difficulty : since {λ ∈ R

p|λ > 0} is an open set, the
minimum of φ(x) over all optimal solutions of (5) for all λ > 0 is not necessarily attained.
So, to overcome this difficulty, the condition λk ≥ ε will be used instead of λk > 0, for all
k = 1, . . . , p, where ε is a small positive number. Since (2) is convex, as will be clarified
below, for ε sufficiently small, all the properly efficient solutions can be found by varying λ

over Λε (see Miettinen (1999)),

Λε =
{

λ ∈ R
p |

p∑
k=1

λk = 1, λk ≥ ε for k = 1, . . . , p

}
.

However, before we proceed further, let us briefly discuss the choice of the value of ε in
the decision making process.
Relationship between ε and trade-offs As we mentioned above the value of ε must be suffi-
ciently small to avoid missing some of the properly efficient solutions. However, in practice,
ε should be specified in advance which is a difficult problem, as pointed out by Miettinen
(1999) and Korhonen and Wallenius (1989). To alleviate this issue, some authors (see, e.g.,
Geromel and Ferreira (1991), Miettinen (1999) and Karimi and Karimi (2017)) showed that
there is a relationship between the concept of trade-off and the ratios between the weight
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coefficients that is,
fk(x̂) − fk(x)

f j (x) − f j (x̂)
≤ λ j

λk
(for all k, j, k �= j) for every properly efficient

solution x̂ , where λ the corresponding positive weighted vector. In particular, if we take the
limit of the ratio as λk → 0, the trade-off between fk and f j becomes unbounded, while
imposing λk ≥ ε implies that 1/ε is an upper bound for all ratios λ j/λk leading to an upper
bound for all trade-offs between objectives. Geromel and Ferreira (1991) considered ε as
a constant vector (ε ∈ R

p) where its components are computed such as to satisfy a given
prescribed marginal rates of substitution.

They then proposed, in the convex case, a simple technique to compute a theoretical upper
bound on the set of properly efficient solutions obtained for all λ ≥ ε. In this paper, the algo-
rithmwe propose tries to find an optimal solution on all properly efficient solutions generated
for ε small enough (we will use ε = 10−4 in our experiments) getting the properly efficient
set as larger as possible (As will be shown below) while avoiding improperly efficient solu-
tions. However, since ε is considered here as an input parameter (see Sect. 5), the algorithm
can also be used to solve the cases where a common upper bound on all trade-offs between
objectives or maximal rates of substitution are provided by the decision maker.

Based on the interesting aspect that 1/ε is an appropriate upper bound on all trade-offs
between objectives, we observe that any properly efficient solution obtained with λ ≥ εe
(where e ∈ R

p is the vector of all ones) may be defined as ε-properly efficient solution in the
sense of Wierzbicki; see Wierzbicki (1980); Miettinen (1999).

Definition 4 (Wierzbicki 1980) A feasible point x̂ ∈ X is ε−properly efficient if
(
f (x̂) − R

p
ε \ {0}) ∩ f (X) = ∅,

where f (X) = { f (x) ∈ R
p | x ∈ X} and R

p
ε = {y ∈ R

p | dist(y, R
p
+) ≤ ε‖y‖} where dist

denotes the Euclidean distance.

Let us consider the set

Xε pE = {
x ∈ X | ∃λ ∈ Λε such that fλ(x) ≤ fλ(y) ∀ y ∈ X

}
(6)

= {
x ∈ X | x ∈ argmin

x∈X fλ(x), λ ∈ Λε

}
, (7)

which is, for any given ε > 0, a nonempty, compact and connected subset of the properly
efficient set that contains all the properly efficient solutions generated with weight vectors in
Λε .

In the next paragraph, we will show how the value of ε can affect the properly efficient
subset Xε pE generation by solving problem (5) for all λ ∈ Λε .

Let {ε(i)} be a sequence of parameters such that ε(i) > ε(i+1) for all i = 1, 2, . . . By
solving for each i the weighted problem (5) for λ in Λε(i) , we obtain a family of subsets of
properly efficient solutions Xε(1) pE , Xε(2) pE , . . . possessing the following property.

Lemma 1 The sequence of subsets {Xε(i) pE} corresponding to a decreasing sequence of

parameters {ε(i)} is nested, i.e., Xε(i) pE ⊆ Xε(i+1) pE for all i .

Proof This follows from the fact that Λε(i) ⊆ Λε(i+1) since ε(i) > ε(i+1) for all i . ��
Lemma 1 is illustrated in Fig. 2, where some nested properly efficient subsets of the

properly efficient set of the CMOP in Example 1 corresponding to certain ε values are
shown. For ε = 0.4, 0.2, 0.1 and 0.01, we get the curves FG, EH , DI and C J , respectively,
which are subsets of the bold curve connecting A and B. For ε = 0, we get Xε pE = XwE .
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Fig. 2 Nested properly efficient subsets for some different values of ε

We observe that the properly efficient solutions with large ε values are located in the central
part, and as ε decreases, the set Xε pE becomes larger. As ε gets smaller, we obtain a better
approximation of the properly efficient set of (2).

In this paper, we will focus on the problem

min
x

φ(x) such that x ∈ Xε pE ⊆ X , (8)

which is a parametric optimization problem which admits an optimal solution for every
parameter ε > 0, which follows by Weierstrass theorem (the objective function φ is contin-
uous and Xε pE is a compact set).

3.1 Connection between Problems (4) and (8)

In this section, we discuss the relationship between the choice of the parameter ε and the
minimum (or infimum) of φ on all properly efficient solutions. Let us consider the original
problem (4).

Assumption 1 Problem (4) admits an optimal solution x� ∈ X pE .

This is obvious when (2) is a linear multi-objective problem, since X pE is a closed set. In
the general case, Assumption 1 guarantees that x� is not a boundary point, but x� does not
necessarily belong to Xε pE .

Hence, since Xε pE ⊆ X pE , we have

φ(ε) ≥ φ�, (9)

where φ(ε) and φ� denote the optimal values of (8) and (4), respectively. We also have
φ(ε(i)) ≥ φ(ε(i+1)) for all ε(i) > ε(i+1) since Xε(i) pE ⊆ Xε(i+1) pE (Lemma 1). The equality
in (9) holds if the optimal solution x� belongs to Xε pE . Since ε is chosen small in practice, this
happens when the weight vector λ� corresponding to the optimal solution x� is sufficiently
far from the extreme points of Λ (note that λ� is not necessarily unique).

The connection between the original problem (4) and the problem (8) is established for-
mally in the following property.
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Fig. 3 Illustration of an optimal solution of (4) obtained with some ε; see Example 2

Property 1 Under Assumption 1, for any optimal solution of (4) there exists a threshold value
ε� > 0 such that

φ� = φ(ε) for all ε ∈]0, ε�].
Proof By Assumption 1, there exists a threshold value ε� > 0 such that φ� = φ(ε�). The
result then follows from Lemma 1, since φ� ≤ φ(ε) ≤ φ(ε�) for any ε < ε�. ��
The property stated above guarantees that the original problem (4) can actually be solved by
means of problem (8), given that Assumption 1 is satisfied and the parameter ε is sufficiently
small.

This is illustrated in the following example.

Example 2 Let us consider the properly efficient set given in Example 1, and let

φ(x1, x2) = x1 + 2x2.

For ε = 0.2, the set Xε pE with ε = 0.2 is shown in Fig 2 by the curve EH , joining the
points E and H on the bold curve. The optimal value of (8) is given by φ(ε) = 1.17, and
is attained at the properly efficient point x� = (0.58, 0.29) with the corresponding weight
vector λ� = (0.33, 0.66). This optimal solution remains unchanged for smaller values of ε.
In this example, the optimal value φ(ε) is not sensitive to the value of ε as φ(ε) = φ� = 1.17
for all 0 < ε ≤ 0.33. This is also the optimal value of φ on the (weakly) efficient set, i.e.,
for ε = 0; see Fig. 3 for an illustration.

However, as indicated above, the choice of ε is problem dependent, and difficult to choose
in advance. Hence it may happen that ε is not sufficiently small, excluding the weights λ�

corresponding to the optimal solution x� of problem (4), which leads to a strict inequality in
(9). Such a situation arises in general when λ� is close to the extreme points of Λ. However,
under Assumption 1, there must exist an ε for which x� is containing in Xε pE . Hence, based
on Lemma 1, a simple way to avoid this situation, and thus finding the optimal solution on the
entire properly efficient set X pE , is to minimize the function φ on a sequence of expanding
subsets Xε(1) pE ⊆ Xε(2) pE ⊆ · · · generated with ε(1) > ε(2) > · · · , approximating the set
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Fig. 4 Illustration of a finite sequence of properly efficient points obtained as ε decreases; see Example 3

Table 1 Values of φ(ε) for the
problem of Example 1 and
φ(x1, x2) = −x1 + x2

ε 0.2 0.1 10−2 10−3

φ(ε) −1 −1.54 −1.96 −1.99

X pE from the inside such that φ(ε(i)) → φ�. If the optimal value of (8) remains unchanged,
then we stop the process. Note that this process is finite since there must exist an ε > 0
such that φ(ε) = φ� under Assumption 1, and in practice it convergences very fast. Let us
illustrate this on a simple example.

Example 3 Let us consider the properly efficient set given in Example 1, and let

φ(x1, x2) = (x1 − 1.55)2 + (x2 + 0.25)2.

For ε = 0.2, φ(ε) = 0.32 is the optimal value of (8), but not on the entire properly efficient
set. Indeed, setting ε = 0.1, we get a better solution x� = (1.57, 0.02) (shown in red in
Fig. 4) with λ� = (0.1, 0.9). The value φ(ε) = 0.08 remains unchanged for all 0 < ε ≤ 0.1
(we get the same solution even if ε = 0). This is illustrated in Fig. 4.

It is worth noting that if Assumption 1 does not hold, i.e., the optimal value of (4) is
not attained at any properly efficient point but rather at an improperly efficient point, then
by performing the process described above, the formulation (8) may converge to the closest
properly efficient solution to this point, as shown in Example 4 below.

Example 4 Let us consider the properly efficient set given in Example 1, and let

φ(x1, x2) = −x1 + x2.

The optimal value of (4) is φ� = −2, attained by the (boundary) efficient point (2, 0) /∈ X pE .
Table 1 gives the optimal value φ(ε) obtained for ε = 0.2, 0.1, 10−2 and 10−3. The sequence
{φ(ε(i))} converges to φ� = −2 as ε(i) → 0. An illustration of this case is shown in Fig. 5.

Note that all optimal values given in the above examples were computed using our Algo-
rithm 1 which will be presented in the next section. Note also that the results obtained in our
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Fig. 5 Illustration of an improperly efficient point, and the sequence of properly efficient points obtained as ε

decreases; see Example 4

experiments in Sect. 5 use the value ε = 10−4 in all cases. As we will see, we always obtain
the same results as obtained in the literature with other methods. We did not need to perform
the process described above (that is, decreasing ε progressively). However, Algorithm 1 could
be easily adapted to tune ε which is, for now, a fixed parameter.

In the sequel, we will assume that Assumption 1 holds and hence Property 1 applies so
that there exists a threshold value ε� for the parameter ε, and hence the two problems (4)
and (8) are equivalent for any ε smaller than ε�. Therefore, instead of problem (4), we focus
on the problem (8).

Problem (8) can be tackled via the following nonlinear bilevel programming problem
(NBLP):

min
λ∈Λε

φ(x)

such that x ∈ argminx∈X fλ(x),
(10)

where λ represents the variables of the first level (upper level variables) and x represents the
variables of the second level (lower level variables).

Since (5) is convex and under the linear independence constraint qualification, every
solution of problem (8) is a solution of theKarush-Kuhn-Tucker (KKT) optimality conditions
of (5).

Proposition 1 A necessary and sufficient condition for x∗ ∈ X to be a solution of problem (5)
is that there exists a vector (λ∗, z∗, s∗, v∗) ∈ Λε × R

m × R
n+ × R

c+ such that

Qλ∗x∗ + cλ∗ + AT z∗ − s∗ + ∇G(x∗)T v∗ = 0,
(s∗)T x∗ = 0,
(v∗)T G(x∗) = 0,
λ∗ ∈ Λε, s∗ ≥ 0, v∗ ≥ 0, z∗ ∈ R

m,

(11)

where ∇G is the Jacobian matrix of G. The vector (λ∗, z∗, s∗, v∗) ∈ Λε × R
m × R

n+ × R
c+

is not necessarily unique: to each efficient point, there corresponds a subdomain of Λε , but
for each λ in this domain, the Lagrange multipliers (z, s, v) are unique.
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The previous result can be used to check whether a given feasible point x ∈ X is in the set
Xε pE , either by resolving the linear system (11) in (λ, z, s, v), or equivalently by solving

min
λ,z,s,v

L(λ, z, s, v) = ∥∥Qλx∗ + cλ + AT z − s + ∇G(x∗)T v
∥∥2
2

such that sT x∗ = 0,
vT G(x∗) = 0,
λ ∈ Λε, s ≥ 0, v ≥ 0, z ∈ R

m,

(12)

and checking whether the optimal value is equal to zero. The problem (12) is a linearly
constrained quadratic programming problem (LCQP), and can be used as an efficiency test.

Property 2 The problem (12) has an optimal solution.

Proof Notice that L is a convex quadratic function bounded below on the nonempty polyhe-
dronΛε ×R

m ×R
n+ ×R

c+ since L(λ, z, s, v) ≥ 0 for any (λ, z, s, v) ∈ Λε ×R
m ×R

n+ ×R
c+.

Therefore, the fundamental theorem of Frank and Wolfe implies that the optimal solution
exists; see for example Belousov and Klatte (2002). ��

The characterization of the properly efficient set by the KKT approach leads to the fol-
lowing equivalent reformulation of problem (8).

Proposition 2 A point x∗ is an optimal solution to (8) if and only if there exists a vector
(λ∗, z∗, s∗, v∗) such that (x∗, λ∗, z∗, s∗, v∗) is an optimal solution to the following problem

min
x,λ,z,s,v

φ(x)

such that Qλx + cλ + AT z − s + ∇G(x)T v = 0,
sT x = 0,
vT G(x) = 0,
x ∈ X , λ ∈ Λε, s ≥ 0, v ≥ 0, z ∈ R

m .

(13)

This problem is a nonconvex optimization problem which is difficult to solve due to the
nonlinear constraints Qλx + cλ + AT z − s + ∇G(x)T v = 0, sT x = 0 and vT G(x) = 0.
Indeed, to solve such problems, several methods were proposed in the literature using penalty
approaches; for example to solve semivectorial bilevel problems in which the the multi-
objective optimization problem is linear (Ankhili and Mansouri 2009; Zheng andWan 2011;
Ren andWang2016). In general, these algorithms use a classical penalty function that consists
to append the bilinear equality constraint (i.e., the complementary constraint sT x∗ = 0 in the
linear case) in the objective functionweighted by a positive penalty parameter. In the nonlinear
case, there are more nonlinear constraints (namely, Qλx + cλ + AT z − s + ∇G(x)T v = 0
and vT G(x) = 0), which makes penalty approaches rather numerically unstable. In fact, we
were not able to obtain a stable method able to solve all small-scale problems presented in
Sect. 5 with such an approach, which also was rather sensitive to the parameters. Also, we
tried to solve (13) using a block coordinate descent method, optimizing alternatively over
the variable x and the block of variables (λ, z, s, v) for which the subproblems are convex.
However, although it worked well in some cases, this approach was not be able to generate
good solutions in all scenarios.

4 Proposedmethod

Our idea for tackling (8) is to construct a penalty function that is a combination of the objective
functions of the upper and the lower levels of the equivalent bilevel reformulation (10). The
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problem we consider is the following

min
x∈X

1

γ
φ(x) + fλ(x) (14)

where λ ∈ Λε and γ > 0 is a penalty parameter. Note that for γ → +∞, solutions x of (14)
tend to properly efficient solutions; see Theorem 2 below.

Theorem 2 Let φ : R
n → R be a continuously differentiable function. For any given λ ∈ Λε

and for some γ > 0, let xγ be an optimal solution of (14). As γ → +∞ and λ is fixed, any
optimal solution xγ of (14) tends to a properly efficient solution of (2).

Proof Let xγ be an optimal solution of (14). Using the KKT conditions, there exists (z, s, v)

such that sT xγ = 0, vT G(xγ ) = 0, s ≥ 0, v ≥ 0 and

1

γ
∇φ(xγ ) + ∇ fλ(xγ ) + AT z − s + ∇G(xγ )T v = 0,

where ∇ fλ(xγ ) = Qλxγ + cλ. It follows that

1

γ
∇φ(xγ ) + Qλxγ + cλ + AT z − s + ∇G(xγ )T v = 0,

which implies that

1

γ

∥∥∇φ(xγ )
∥∥
2 = ∥∥Qλ(xγ ) + cλ + AT z − s + ∇G(xγ )T v

∥∥
2.

Taking the limit as γ → +∞, we find that 1
γ
∇φ(xγ ) → 0 since ∇φ(xγ ) is bounded, which

concludes the proof as (λ, z, s, v) tends to be a solution of (11). ��
For λ ∈ Λε and γ fixed, (14) is a convex nonlinear problem and can be solved effectively.

For x fixed, it does not make much sense to optimize over λ since x heavily depends on the
value of λ. Moreover, since fλ(x) is a linear function in λ and Λε is a simplex, only one
entry of λ will generically be different from Λε . Our idea is to update λ by solving (12). This
means that, given x , we will compute λ in order to satisfy the efficiency test for x as best
as possible. As we will see, it turns out that this new alternating strategy works remarkably
well in practice. Conceptually, the method is simple to describe and can be summarized as
follows (see the next section for more details):

0. Choose an initial λ ∈ Λε and γ > 0.
1. While x is not properly efficient (up to some given precision):

1.1 Solve (14) for λ fixed to obtain a new x .
1.2 Solve (12) to obtain a new λ. If the objective function is equal to zero, x is properly

efficient.
1.3 If x is not properly efficient, compute the efficient solution xe ∈ argminx∈X fλ(x)

corresponding to λ. Keep the best such solution in memory.
1.4 Increase γ .

This scheme has two nice properties:

– Since γ increases at each step, it is guaranteed to generate a limit point which is a properly
efficient solution; see Theorem 2 above.
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– It generates at each step a properly efficient solution corresponding to the current value of
λ and keep the best solution generated by the algorithm. Moreover, since the correspond-
ing λ was computed by solving (12) for an optimal solution x of (14) (for the previous
value of λ), it usually has a small value for φ(x). In fact, we have observed that usually
φ(x) monotonically increases at each step, until reaching the efficient set. (The reason
φ(x) increases is because it is given less and less importance in the objective function as
γ increases.)

However, the algorithm does not guarantee to generate an optimal solution of the difficult
problem (8): the optimal solution of the surrogate problem (14) as γ tends to infinity might
not coincide with the optimal solution of (4), especially since we are not guaranteed that
λ will converge to weights corresponding to an optimal solution of (8). However, we will
see in the numerical experiments that this approach performs well in practice. Note that this
scheme is well defined since (12) always admits an optimal solution (Property 2), while the
problems (14) and minx∈X fλ(x) for λ fixed also admits at least one optimal solution by
Weierstrass theorem (the objective functions are continuous and X is a compact set).

4.1 Algorithmic details and implementation

We present in this section the details of the algorithm described above; the pseudo code is
given in Algorithm 1.
Initialization and update of γ

A key choice for Algorithm 1 is the value of γ . In fact, if the chosen penalty parameter
γ is too large, then the algorithm deals mainly with the efficiency of the solution without
taking into account the objective function φ, and therefore may stops at an efficient solution
far from the solution of problem (8). Conversely, if γ is too small, then the algorithm will be
slow as it will take many iterations to get close to an efficient solution.

We propose a simpleway to update γ using two parameters and an initial vector λ(0) ∈ Λε .
The two parameters are α > 0 that will be used to initialize γ , and β > 1 that will be a
multiplicative factor to increase γ after each iteration of Algorithm 1.

Initially, we solve (5) using λ = λ(0) to obtain xe. Then, γ (1) is chosen to balance the two
objective functions φ and fλ according to the parameter α > 0:

γ (1) = |φ(xe)|
α| fλ(0) (xe)| .

Hence, the larger the α, the smaller γ (1). As we will see, the following choice works very
well in practice: α = 10, β = 1.1, and λ(0) = e/p where e is the vector of all ones.
Stopping criterion

At each iteration, the algorithm solves three convex subproblems. First, it computes an
optimal solution x (k) to (14) for γ = γ (k) using the previous value of λ. Second, it checks
whether x (k) is properly efficient by solving (12), which generates a new λ. Third, it computes
the properly efficient solution corresponding to the current value of λ (and keeps the best
solution computed so far). The first condition for Algorithm 1 to stop is that x (k) is properly
efficient, up to some precision ε, that is, when the optimal value of (12) is smaller than
ε. However, it may happen that x (k) is properly efficient while Algorithm 1 has not yet
converged. In order to avoid stopping the algorithm in this situation, and possibly allow it to
obtain a better solution, we add a second stopping criterion based on distance between two
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Algorithm 1: Algorithm for optimizing over the properly efficient set

Data: A ∈ R
m×n , b ∈ R

m , positive semidefinite matrices Qi ∈ R
n×n and vectors ci ∈ R

n for
1 ≤ i ≤ p, a convex function φ : R

n → R.
Parameters: ε > 0, λ(0) ∈ Λε , maxiter, ε > 0, τ > 0, α > 0, β > 1.
Result: Approximate solution x∗ to (8)
/* Initialization */

1 Choose the initial weights λ(0) ∈ Λε .

2 Compute xe ∈ argmin
x∈X

fλ(x) for λ = λ(0).

3 Set x∗ ← xe , λ∗ ← λ(0), φ∗ ← φ(xe), k ← 1, γ (1) = |φ(xe)|
α | f

λ(0) (xe)| .
/* Main loop of the algorihm */

4 repeat
5 Compute an optimal solution x(k) of (14) for γ = γ (k) and for λ = λ(k−1) fixed.

6 Compute (λ(k), z(k), s(k), v(k)), an optimal solution of (12) for x∗ = x(k) with objective function

L(k).
/* This step stops the algorithm when two consecutive iterates are
properly efficient while φ has increased: */

7 if max(L(k), L(k−1)) ≤ ε and φ(x(k)) > φ(x(k−1)) then
8 STOP, return x(k−1).
9 end

10 if L(k) > 0 then
11 compute xe ∈ argmin

x∈X
fλ(x) for λ = λ(k).

12 else
13 xe = x(k).
14 end

/* Keep the best properly efficient solution found */

15 if L(k) ≤ ε and φ(x(k)) < φ∗ then
16 x∗ ← x(k), λ∗ ← λ(k), φ∗ ← φ(x(k)).
17 end
18 if φ(xe) < φ∗ then
19 x∗ ← xe , λ∗ ← λ(k), φ∗ ← φ(xe).
20 end

/* Detect fixed points (see Sect. 4.2) */

21 if ||xe − x(k)|| < ε then
22 if Δμ ≥ 0 then
23 STOP, return x(k), a global optimal solution.
24 else
25 if the fixed point has already been attained then
26 STOP
27 else

28 γ (1) ← γ (k)

10(1+δ̄)
where δ̄ is given in (16), k ← 1.

29 end
30 end
31 else

/* Increase the penalty parameter γ */

32 γ (k+1) ← βγ (k), k ← k + 1.
33 end
34 until k > maxiter or (L(k) ≤ ε and d(k) ≤ τ )
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iterates:

d(k) = ∥∥(x (k), λ(k), z(k), s(k), v(k)) − (x (k−1), λ(k−1), z(k−1), s(k−1), v(k−1))
∥∥
2 ≤ τ,

for some small τ .
We will also stop the algorithm if two consecutive iterates are properly efficient but the

value of φ has increased (see step 8 of Algorithm 1). The reason is that since γ monotonically
increases, it is not likely for φ to decrease during the next iterations in this situation (and, in
fact, we have never observed this behavior in practice).

4.2 Fixed points of Algorithm 1

In this section, we address the case when Algorithm 1 terminates early. More precisely, let
us analyze the following situation: for some iteration k the algorithm generates

x (k) = argmin
x∈X

fλ(k−1) (x) + 1

γ (k)
φ(x)

such that x (k) is properly efficient for λ(k−1), that is,

x (k) = argmin
x∈X

fλ(k−1) (x),

and solving (12) gives λ(k) = λ(k−1). Note that this situation can be easily identified within
Algorithm 1 as it will happen when xe = x (k). In that case, the algorithm has converged to
a fixed point. In fact, it can be easily shown that for any γ ′ > γ , x (k) will be an optimal
solution of minx∈X fλ(k) (x) + 1

γ ′ φ(x) (see below for a proof).
Although we have not observed this particular situation in the numerical examples pre-

sented in the next section for the default parameters of Algorithm 1, it is interesting to
investigate it and characterize such solutions that could be generated by1 Algorithm 1. In
particular, it will allow us to define a safety procedure to escape such a points.

To simplify the presentation, let us write X = {x ∈ R
n | hi (x) ≥ 0, 1 ≤ i = 1, 2, . . . , t}

where the constraints hi (x) ≥ 0 represent Ax = b, x ≥ 0 and G(x) ≤ 0 so that t =
2m + n + c. Let us also define the fixed point as λ∗ = λ(k−1) and x∗ = x (k), and γ = γ (k).
By the optimality of x∗, we have

∇ fλ∗(x∗) =
∑
i

μi∇hi (x
∗), μi ≥ 0, hi (x

∗) ≥ 0, μi hi (x
∗) = 0 for all i,

and

∇ fλ∗(x∗) + 1

γ
∇φ(x∗) =

∑
i

μ′
i∇hi (x

∗), μ′
i ≥ 0, hi (x

∗) ≥ 0, μ′
i hi (x

∗) = 0 for all i .

This implies that

1

γ
∇φ(x∗) =

∑
i

(μ′
i − μi )∇hi (x

∗).

Let us denote the set of active constraints A = {i | hi (x∗) = 0} so that μi = μ′
i = 0 for

i /∈ A, and Δμ = μ′ − μ. We make the following observations

1 In particular, we have observed this situation for problem P9 when β ≥ 100. The reason is that γ increases
too fast hence φ(x) is not given enough importance in the objective function.
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– If Δμ ≥ 0, then x∗ is also an optimal solution of minx∈X φ(x). Which is the unlikely
situation where the optimal solution of minx∈X φ(x) is efficient. Hence x∗ is a global
optimal solution.

– If |A| < n, that is, x∗ is not at the intersection of n constraints of X , then ∇φ(x∗) and
∇ fλ∗(x∗) belong to the same low-dimensional subspace spanned by {∇hi (x∗)}i∈A. This
will generically not happen (meaning that this happens with probability zero for hi ’s,
f and φ chosen randomly). Hence it is much more likely for a fixed point to be at the
intersection of n constraints (see an example below).

– As claimed above, by increasing γ , x∗ remains optimal for the penalized problem. In
fact, let γ ′ > γ , and let us define δ > 0 such that γ = γ ′ 1

(1+δ)
. Since μ ≥ 0 and

μ′ = μ + Δμ ≥ 0, we have μ′′ = μ + 1
(1+δ)

Δμ ≥ 0 so that

∇ fλ∗(x∗) + 1

γ ′ ∇φ(x∗) = ∇ fλ∗(x∗) + 1

(1 + δ)γ
∇φ(x∗) =

∑
i

μ′′
i ∇hi (x

∗), (15)

which proves optimality of x∗ (it is a KKT point of the penalized convex problem).
– By decreasing γ sufficiently, we can escape x∗, assuming the gradient {∇hi (x∗)}i∈A are

linearly independent. In fact, unless x∗ is a global optimal solution (see above), there
exists j such that μ′

j − μ j < 0. Moreover, using the same derivations as above but
with γ = γ ′(1 + δ), we have that μ′′ = μ′ + (1 + δ)Δμ is the unique multiplier that
satisfies (15) (by the linear independence assumption). Moreover, we have that

μ′′
j = μ′

j + (1 + δ)Δμ j < 0 ⇐⇒ μ′
j < −(1 + δ)Δμ j

⇐⇒ δ >
μ′

j

−Δμ j
− 1 = μ′

j

μ j − μ′
j

− 1 > 0.

Therefore, for γ ′ ≤ γ
(1+δ)

where

δ > δ̄ = min
j,Δμ j<0

μ′
j

−Δμ j
− 1, (16)

x∗ is no longer an optimal solution of the penalized problem. For Algorithm 1, we use
γ ′ = γ

10(1+δ̄)
.

Example 5 Let us consider the problem where X = R+,

f1(x) = 1

2
(x + 1)2, f2(x) = 1

2
(x − 1)2 and φ(x) = −x .

We have XE = [0, 1] hence the optimal solution of minx∈XE φ(x) is x† = 1. However, the
point x∗ = 0 for any λ1 > 1/2 and 1

γ
> 2λ1 − 1 is a fixed point of Algorithm 1. In fact, the

efficient point corresponding to λ1 > 1/2 is x∗ = 0 while, for any 1
γ

> 2λ1 − 1, we have

argmin
x≥0

λ1
1

2
(x + 1)2 + (1 − λ1)

1

2
(x − 1)2 − 1

γ
x = max

(
0,

1

γ
− 2λ + 1

)
= 0.

Hence, without the safety procedure, if Algorithm 1 is run with inappropriate parameters, it
may converge to the global maximum x∗ = 0. For example, using λ(0) = (0.99, 0.01) and
α ≤ 0.1 will generate the solution 0.

The situation of converging to a suboptimal fixed point was observed on the 12 small-size
problems analyzed in Sect. 5.1 only when α is chosen too small or β too large. On the 45
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larger problems from Sect. 5.3, it sometimes happens even when Algorithm 1 is run with
its defaults parameters. However, this situation can be easily detected and such non-optimal
fixed points can be easily escaped by decreasing γ sufficiently (see above). We have added
a safety procedure in Algorithm 1 to do so which allows Algorithm 1 to converge to x† = 1
for any choice of the parameters (in particular, for λ(0) = (0.99, 0.01) and α ≤ 0.1). Note
that it may happen that the fixed point is optimal. In that case Algorithm 1 will take more
iterations as it will restarted with a smaller value of γ . To avoid this situation, the detection
of fixed points is not always activated within Algorithm 1. We will only activate it on the
45 examples from Sect. 5.3 when it was not able to compute the true nadir value with the
proposed parameter values.

5 Computational results

To illustrate the performance and efficiency of the proposed method both in linear and non-
linear cases, we consider some test problems from the literature. We use the following values
for the parameters of Algorithm 1:

– ε = 10−6, the efficiency tolerance,
– τ = 10−4, the tolerance for the distance between two iterates which we will refer to as

the stationarity condition,
– α = 10, β = 1.1, ε = 10−4, and
– λ(0) = e

p ∈ Λε .

The algorithm was implemented in Matlab and the solutions of the convex problems are
obtained by usingCVX (Grant andBoyd 2017, 2008), using the interior-pointmethodSDPT3
(version 4.0) (Toh et al. 1999; Tütüncü et al. 2003). Experiments have been performed on a
PC Intel(R) CORE(TM) i3-2310M CPU@ 2.10GHz 4GO RAM. The code is available from

http://bit.ly/OptimEfficientSetv2

We first perform numerical experiments on small-scale problems from the literature for
which the optimal solutions are known (Sect. 5.1). Then we perform a sensitivity analysis
of Algorithm 1 to the above parameters on the same set of problems (Sect. 5.2). Finally, we
apply Algorithm 1 to medium-scale problems motivated by the computation of nadir points
(Sect. 5.3).

Note that the limitation to use Algorithm 1 is the size of the three convex subproblems to
be solved. Using CVX on a standard laptop would allows us to solve problems of size up to a
few hundred variables (for example, solving a LCQP with 500 variables and 100 constraints
requires about 10 seconds).

5.1 Small-scale problems from the literature

We first illustrate the performance of Algorithm 1 on several small-scale problems from the
literature.
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Example 6 (Horst and Thoai 1999) This example, which we will denote P1, is a linear multi-
objective problem with m = 5, n = 7 and p = 2, with

A =

⎛
⎜⎜⎜⎜⎝

1 −2
−1 1
2 1 I5
2 5

−1 −1

⎞
⎟⎟⎟⎟⎠

, b =

⎛
⎜⎜⎜⎜⎝

1
1
4
10

−1.5

⎞
⎟⎟⎟⎟⎠

,

(
cT1
cT2

)
=

(
0.2 −1 01×5
−1 −0.1 01×5

)
,

where Iu is an identity matrix of size u and 0c×d is the zero matrix of dimension c-by-d , and
Q1 and Q2 are zero matrices. The function φ(x) = (x1 − 1.2)2 − 0.4x2 is quadratic.

After four iterations (including the initialization step) and aCPU timeof 3.34 seconds, both
stopping criteria are satisfied : L(3) = 1.95 · 10−9 < 10−6 and d(3) = 3.84 · 10−6 < 10−4,
and the algorithm stops, where the best efficient solution found (with 2 digits of accuracy) is

x∗ = (1.12, 1.55, 2.98, 0.57, 0.21, 0, 1.17) with φ(x∗) = −0.614400.

This coincide with the optimal solution proposed by Horst and Thoai (1999).

Example 7 (Horst and Thoai 1999) This example, which we will denote P2, is a linear multi-
objective problem with m = 3, n = 7 and p = 3, with

A =
⎛
⎝

0.476623 0.577845 0.230673 0.834146
−0.463549 0.056380 −0.952541 0.932330 I3
0.541297 −0.337843 −0.230437 −0.804641

⎞
⎠ ,

⎛
⎝
cT1
cT2
cT3

⎞
⎠ =

⎛
⎝

−0.462837 −0.354616 −0.326963 0.129599 01×3

0.199892 −0.013460 0.317473 −0.315895 01×3

0.013082 0.635298 0.412242 −0.469719 01×3

⎞
⎠ ,

bT = (3.657495, 1.048547,−0.540701), and Q1, Q2 et Q3 are zero matrices. The convex
function φ is given by

φ(x) = (x1 − 1.2)2 − 0.4x2 + 1.30.1x3 − log(1 + 0.2x4).

After five iterations and a CPU time of 4.30 seconds, the algorithm stops and returns the
solution

x∗ = (1.03, 5.47, 0, 0, 0, 1.22, 0.75) with φ(x∗) = −1.163113.

Note that the algorithm stops at iteration 5 although the stationarity condition is not
satisfied: d(4) = 3.47 · 10−3

≮ 10−4. The reason is that the algorithm does not find a better
solutions at iteration 4, so that the step 8 ofAlgorithm1 is entered.Note also that the algorithm
generates the same solution for ε = 10−9 with the same number of iterations.

The optimal solution given by Horst and Thoai (1999) is x = (1.03, 5.48, 0, 0) (omitting
the slack variables) with φ(x) = −1.163074. This solution is obtained after six iterations and
for a precision of 10−3. Our algorithm shows a high efficiency by converging to the optimal
solution in only four iterations and with a higher precision as φ(x̄) − φ(x∗) ≈ 4 · 10−5.

Example 8 (Benson andLee 1996)This is also a linearmulti-objective problem,withm = 10,
n = 20, which we will denote P3. The matrix A is given by A = (I10, I10) and b = e (the
vector of all ones). We have p = 2 with c1 and c2 being the rows of

(
1 1 1 1 −0.667 −0.667 −0.667 −0.667 0.75 0.75 01×10

−1 −1 −1 −1 0.333 0.333 0.333 0.333 −0.25 −0.25 01×10

)
,
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and Q1 and Q2 are zero matrices. The function φ(x) = dT x is linear with

d = (1, 1,−1, 1,−1, 1,−1, 1,−1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)T .

After 44 iterations and a CPU time of 32 seconds, the algorithm stops and returns the solution

x∗ = (0, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1, 1, 0, 1, 0, 0, 0, 0, 1, 1)T with φ(x∗) = −1.

This solution corresponds to the solution proposed by Benson and Lee (1996).
The second problem proposed by Benson and Lee (1996) minimizes instead a quadratic

function given by φ(x) = ∑10
j=1(11 − j)(x j − 0.25)2, over the same efficient set. We will

refer to the corresponding problem as P4. After 44 iterations and a CPU time of 52 seconds,
the algorithm terminates with the efficient solution

x∗ = (0.25, 0.25, 0.25, 0.25, 1, 1, 1, 1, 0, 0)T with φ(x∗) = 10.312500

(slack variables x j , j = 11, . . . , 20 are omitted), which corresponds to the optimal solution
proposed by Benson and Lee (1996).

Example 9 (Benson 2012) Consider the nonlinear multi-objective problem given by

min
x∈X

(
x21 + x22 + 0.4x1 − 4x2,−min{0.5x1 + 0.25x2 + 0.2, 2x1 − 4.6x2 + 5.8}),

where X is defined with g(x) = 0.5(x1 − 1)2 + 1.4(x2 − 0.5)2 − 1.1 is a convex quadratic
function, A = (M, I7),

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −2 0
−1 1 0
2 1 0
2 5 0

−1 −1 0
−0.5 −0.25 1

−2 −4.6 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, b =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
4

10.5
−1.5
0.2
5.8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(
cT1
cT2

)
=

(
0.4 −4 0 01×7

0 0 −1 01×7

)
,

Q1 et Q2 are 10-by-10 matrices, where

Q1(i, j) =
{
2 if i = j = 1 or i = j = 2
0 otherwise

,

and Q2 is the zero matrix. The objective is given by φ(x) = x1 + x22 . We will refer to this
problem as P5. After 51 iterations and a CPU time of 48 seconds, Algorithm 1 terminates
with the properly efficient solution

x∗ = (0.26, 1.24)T with φ(x∗) = 1.7920,

(the variables x j for j ≥ 3 are omitted). We obtain the same solution after the same number
of iterations and CPU time when we choose ε = 0, that is, if the function φ is optimized
over the weakly efficient set as it is considered by Benson (2012), and we obtain the same
optimal solution.

It is worth noting that for all the above problems in this section, Algorithm 1 provides
the same optimal solution for ε = 0, i.e., when the function φ is optimized on the weakly
efficient set.
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Example 10 (Jorge 2005) We have m = 4, n = 7, p = 3,

A =

⎛
⎜⎜⎝
1 1 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1

⎞
⎟⎟⎠ , b =

⎛
⎜⎜⎝
5
3
3
1

⎞
⎟⎟⎠ ,

⎛
⎝
cT1
cT2
cT3

⎞
⎠ = (−I3 03×4

)
,

Q1, Q2 and Q3 are zero matrices.
The objective function is φ(x) = x1, and we refer to the corresponding problem as P6.
Recall that XwE is the weakly efficient set of (2).
Setting ε = 0 in Algorithm 1, after 3 iterations and a CPU time of 2.70 seconds, the

algorithm returns the solution

x∗
we = (0, 3, 1, 2, 3, 0, 0)T with φ(x∗

we) = 0,

which is a weakly efficient solution according to Definition 2, since min
x∈X f2(x) = f2(x∗

we) =
−3, so it is not possible to find a solution x ∈ X which is better than x∗

we on this criteria. It
is also clear that x∗

we is an optimal solution of (4) since φ(x) ≥ 0 for all x ≥ 0.
If we set ε = 10−4 in Algorithm 1, then it terminates after 122 iterations and a CPU time

of 88 seconds, with the efficient solution

x∗ = (2, 3, 1, 0, 1, 0, 0)T with φ(x∗) = 2,

which corresponds to the optimal solution obtained by Jorge (2005). The solution x∗
we is not

efficient as it is dominated by x∗ since f1(x∗) = −2 < f1(x∗
we) = 0.

5.2 Sensitivity analysis

In the previous section, we have observed that for the selected parameters, Algorithm 1 was
able to compute the optimal solution for all test problems (comparing the results obtained
with those in the references). In this section, we study the impact of the parameters on the
efficiency and robustness of our method. Let us first recall the parameters of our method:

– the multiplicative factor β to increase γ ,
– the positive constant α to introduce a trade-off between φ and fλ to initialize γ (1),
– the initial weight vector λ(0).

Note that the last parameter determine the choice of the initial solution x (0). Since there are
quite a few parameters, we will only vary one parameter at a time, keeping the others at their
default values.

In this section, we introduce two new test problems inspired by the cases tested by Benson
and Lee (1996). Using the same data as in Example 8, but replace the vectors ci ’s by

(
cT1
cT2

)
=

(
1 −0.667 0.75 01×17

−1 0.333 −0.25 01×17

)
,

two new problems are obtained and denoted P7 and P8, respectively. Our choice to introduce
these two problems is motivated by the fact that our algorithm is more sensitive for these
cases as shown below.

We also introduce other test problems from the literature, namely P9, P10, P11 and P12
that are taken respectively from Ecker and Song (1994), Benson (1993), Benson (1990) and
Sayin (2000). For these additional test cases, our method with the default parameters (that is,
the parameters given in the previous section) also generates the optimal solutions (compared
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to the above references). It is worth noting that, for P10, the optimal solution x = (0, 2, 4),
with φ(x) = −2 where φ(x) = x1 + x2 − x3, proposed by Benson (1993) is not unique, and
our algorithm found another optimal solution, namely x∗ = (1, 1, 4).
Sensitivity to β Let us start by investigating the influence of parameter β. We are interested
in evaluating the gap function δφ(x) = φ(x) − φ(x∗), where x is the solution found by
our algorithm for a given value of β and x∗ is the optimal solution of the problem under
consideration. The results are shown inTable 2,where the variation in the number of iterations
and in the CPU time are also given.

The results show that the method is sensitive in terms of identifying an optimal solution
to the choice of parameter β for problems P3, P4, P5, P7, P8 and P9. In fact, we observe that
for β too large, the method converged to a suboptimal solution. This is not surprising and
can be explained as follows: by taking β too large, the term fλ(x) takes precedence over the
penalty term 1

γ
φ(x), so our method tries to move fast to an efficient but suboptimal solution.

Note that for problem P7 the method is more sensitive as even for β too small (=1.1), it does
not find an optimal solution. This can be explained by the fact that the problem has several
local solutions in the neighbourhood of the optimal solution (this will be confirmed in the
sensitivity analyses for the other parameters). For the other test cases, Algorithm 1 is very
stable: it has always converged to the optimal solution even for β quite large.

In terms of number of iterations and CPU time, not surprisingly, the smaller β, the larger
the number of iterations is needed (hence a larger CPU time). The reason is that γ increases
faster as β increases, hence Algorithm 1 converges faster to an efficient solution.
Sensitivity to α

For this experiment, we use the following values for α: 0.1, 1, 10, 102 and 103. The results
are shown in Table 3.

More surprisingly, Algorithm 1 is less sensitive to the choice of α than β in terms of
identifying the optimal solution. In fact, only for P2, P11, P12 and P7, it did not find an
optimal solution in all cases. For P2, P9, P11 and P12 the explanation is that α = 0.1 is too
small: γ is initialized at a large value so that Algorithm 1 converges quickly to an efficient
solutionwhich is not optimal (with respectively δφ = 0.56, δφ = 8, δφ = 1.5 and δφ = 4) as
φ does not have enough importance in the objective function initially. For P7, the sensitivity
is rather due to the sensitivity of P7 itself, as already noted for the parameter β.

As for β, the choice of α influences the number of iterations and the CPU time: the larger
α, the larger the number of iterations as γ is initially chosen smaller.
Sensitivity to λ(0) In our last experiment, we investigate the effect of the initial parameter
λ(0). For this purpose , we have used the following set of vectors in R

p : e/p (e is the vector
of all ones), e1 = (1, 0, . . . , 0), e2 = (0, 1, . . . , 0), . . . and ep = (0, 0, . . . , 1). The results
are shown in Table 4.

We observe that the method converges to the optimal solution for all test cases, except for
the problem test P7. As we will see in the next section, Algorithm 1 can be more sensitive to
the choice of the initial vector λ(0) for larger problems.

Based on our numerical results, we conclude that our algorithm performs well for reason-
able choices of the parameters. For the 12 tested problems, Algorithm 1 converges quickly
to an optimal solution. Moreover, it is quite robust as it is not very sensitive to its parameters.
Note that all of the problems above were solved without the use of the procedure to detect
fixed points and most of the non-optimal solutions obtained with the inappropriate parame-
ters could be avoided if the procedure was activated; for example P9 with β = 100 in Table 2
and α = 0.1 in Table 3, P12 with α = 0.1 in Table 3.

In the next section, we perform more numerical experiment on medium-scale multi-
objective linear optimization problems to confirm these observations.
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Table 2 Impact of the parameter β on the distance to optimality δφ(x) of the solution found by Algorithm 1,
its number of iterations (including the initialization step) and the CPU time (in seconds)

Problem β=1.1 β=1.5 β=1.8 β=2 β=10 β=100 β=1000

P1 Niter 4 4 4 4 4 4 4

(n = 7) CPU 3.3 3.4 3.3 3.1 3.3 3.4 3.3

δφ 0 0 0 0 0 0 0

P2 Niter 5 4 8 5 5 4 4

(n = 7) CPU 4.3 3.6 6.7 4.6 4.6 3.7 3.7

δφ 0 0 0 0 0 0 0

P3 Niter 44 13 10 9 5 4 4

(n = 20) CPU 32.7 9.4 7.8 6.8 3.9 3.5 3.3

δφ 0 0 0 0 2 2 2

P4 Niter 44 14 11 10 6 4 4

(n = 20) CPU 53.0 16.2 12.5 11.3 6.6 4.5 4.3

δφ 0 0 0 0 0 2.13 2.13

P5 Niter 51 34 32 26 14 8 10

(n = 10) CPU 49.1 34.2 31.1 25.0 13.5 8.4 10.9

δφ 0 0 0 0.10 0.10 0.10 0.10

P6 Niter 122 31 23 20 8 6 5

(n = 7) CPU 90.4 23.9 16.6 15.7 5.9 4.5 4.2

δφ 0 0 0 0 0 0 0

P7 Niter 23 8 7 7 4 4 4

(n = 20) CPU 17.7 6.5 6.3 5.9 3.6 4.7 4.2

δφ 1 1 1 0 2 2 2

P8 Niter 38 13 12 9 5 4 4

(n = 20) CPU 43.9 15.4 14.0 10.3 5.8 5.2 4.7

δφ 0 0 0 0 2.38 2.38 2.38

P9 Niter 26 9 7 7 4 4 4

(n = 5) CPU 18.5 7.1 5.4 5.1 2.9 3.4 3.3

δφ 0 0 0 0 0 8 8

P10 Niter 107 28 20 18 8 6 5

(n = 5) CPU 81.5 21.3 15.7 13.7 6.4 4.6 4.0

δφ 0 0 0 0 0 0 0

P11 Niter 129 33 24 21 9 6 7

(n = 8) CPU 100.8 26.3 19.1 16.1 7.0 5.0 5.5

δφ 0 0 0 0 0 0 0

P12 Niter 119 31 22 19 8 6 5

(n = 9) CPU 90.9 24.2 16.6 14.8 6.1 4.7 4.2

δφ 0 0 0 0 0 0 0

In bold we indicate the cases when Algorithm 1 did not find an optimal solution
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Table 3 Impact of the parameter α on the distance to optimality δφ(x) of the solution found by Algorithm 1,
its number of iterations (including the initialization step) and the CPU time (in seconds)

Problem α = 0.1 α = 1 α = 10 α = 100 α = 1000

P1 Niter 5 4 4 3 3

(n = 7) CPU 3.9 3.9 3.3 2.8 3.0

δφ 0 0 0 0 0

P2 Niter 5 8 5 27 52

(n = 7) CPU 5.0 7.2 4.4 22.8 44.1

δφ 0.56 0 0 0 0

P3 Niter 3 20 44 68 92

(n = 20) CPU 2.9 14.6 32.5 50.1 69.4

δφ 0 0 0 0 0

P4 Niter 3 22 44 69 92

(n = 20) CPU 3.4 26.2 51.1 81.3 111.4

δφ 0 0 0 0 0

P5 Niter 5 28 51 72 98

(n = 10) CPU 4.7 27.1 50.6 68.2 98.3

δφ 0 0 0 0 0

P6 Niter 3 98 122 146 170

(n = 7) CPU 2.5 71.4 91.3 109.3 128.6

δφ 0 0 0 0 0

P7 Niter 3 3 23 47 71

(n = 20) CPU 2.6 2.5 18.1 36.6 55.6

δφ 1 1 1 1 1

P8 Niter 3 13 38 61 85

(n = 20) CPU 3.3 14.6 43.6 72.1 99.0

δφ 0 0 0 0 0

P9 Niter 3 3 26 50 74

(n = 5) CPU 2.6 2.6 19.1 36.4 55.2

δφ 8 0 0 0 0

P10 Niter 59 83 107 132 156

(n = 5) CPU 44.3 63.43 82.2 100.0 119.5

δφ 0 0 0 0 0

P11 Niter 3 105 129 153 177

(n = 8) CPU 2.6 82.4 100.9 117.0 141.9

δφ 1.5 0 0 0 0

P12 Niter 3 95 119 143 167

(n = 9) CPU 2.4 73.7 90.7 110.0 128.8

δφ 4 0 0 0 0

In bold we indicate the cases when Algorithm 1 did not find an optimal solution
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Table 4 Impact of the parameter λ(0) on the distance to optimality δφ(x) of the solution found byAlgorithm 1,
its number of iterations (including the initialization step) and the CPU time (in seconds)

Problem λ(0) = e/p λ(0) = e1 λ(0) = e2 λ(0) = e3

P1 Niter 4 4 4 –

(n = 7) CPU 3.6 3.5 3.7 –

δφ 0 0 0 –

P2 Niter 5 25 6 7

(n = 7) CPU 4.6 21.3 5.4 6.2

δφ 0 0 0 0

P3 Niter 44 131 57 -

(n = 20) CPU 32.2 98.3 47.0 –

δφ 0 0 0 -

P4 Niter 44 57 58 -

(n = 20) CPU 51.9 69.6 69.9 –

δφ 0 0 0 –

P5 Niter 51 53 43 –

(n = 10) CPU 47.8 51.9 40.7 -

δφ 0 0 0 –

P6 Niter 122 124 129 115

(n = 7) CPU 91.4 92.9 93.3 85.0

δφ 0 0 0 0

P7 Niter 23 40 58 –

(n = 20) CPU 17.4 29.7 41.7 –

δφ 1 1 1 –

P8 Niter 38 52 53 -

(n = 20) CPU 43.0 62.6 62.2 –

δφ 0 0 0 –

P9 Niter 26 28 43 –

(n = 5) CPU 18.8 21.0 30.4 –

δφ 0 0 0 –

P10 Niter 107 115 115 –

(n = 5) CPU 87.8 83.3 87.3 –

δφ 0 0 0 –

P11 Niter 129 126 137 –

(n = 8) CPU 101.5 99.1 105.6 –

δφ 0 0 0 –

P12 Niter 119 129 124 121

(n = 9) CPU 90.6 97.6 95.9 89.4

δφ 0 0 0 0

In bold we indicate the cases when Algorithm 1 did not find an optimal solution
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Table 5 Numerical results for the computation of the nadir values from Alves and Costa (2009), where r
indicates the problem number

(n × m × r) (β, α)=(1.1,10) (λ(0), β, α) Best
e/p e1 e2 e3

(90 × 30 × 1) −162.79 −162.79 −162.79 −162.79 - -162.79

384.79 384.79 384.79 384.79 (e/p,100,1)+FP 321.21

90.04 90.04 90.04 90.04 (e/p,1.5,10) 64.68

2 567.24 567.24 567.24 567.24 - 567.24

−188.21 −188.21 −188.21 −188.21 - -188.21

191.15 191.15 94.75 191.15 - 94.75

3 639.39 639.39 639.39 639.39 (e/p,1.2,10) 637.23

662.45 662.45 629.02 662.45 (e/p,100,103) 570.97

701.91 701.9 1 701.91 701.91 (e/p,1.5,10) 666.56

4 −6.41 −6.41 −6.41 −6.41 - -6.41

301.33 301.33 301.33 301.33 - 301.33

−196.93 −196.93 −196.93 −196.93 - -196.93

5 290.41 290.41 290.41 290.41 - 290.41

511.77 511.77 511.77 501.18 (e/p,1.1,10)+FP 460.65

310.35 310.35 310.35 310.35 - 310.35

(120 × 40 × 1) −133.40 −133.40 −133.40 −133.40 - -133.40

154.09 154.09 154.09 154.09 (e2,10,0.1)+FP 152.24

−102.33 −102.33 −102.33 −102.33 - -102.33

2 836.79 836.79 836.79 836.79 - 836.79

982.04 772.08 982.04 982.04 - 772.08

1291.31 1279.48 1291.31 1291.31 - 1279.48

3 448.83 448.83 448.83 448.83 (e2,1.8,10) 448.05

505.57 505.57 505.57 505.57 - 505.57

728.67 885.79 1017.33 885.79 - 728.67

4 491.73 491.73 491.73 491.73 - 491.73

272.07 272.07 272.07 272.07 (e/p,10,100) 262.28

−209.03 −209.03 −209.03 −209.03 - -209.03

5 813.20 813.20 629.36 813.20 - 629.36

886.93 886.93 886.93 886.93 - 886.93

402.32 402.32 182.96 402.32 - 182.96

(150 × 50 × 1) 927.85 927.85 927.85 927.85 - 927.85

781.00 762.08 762.08 558.80 - 558.80

405.29 405.29 405.29 405.29 - 405.29

2 1179.75 1179.75 1179.75 1179.75 - 1179.75

552.69 552.69 552.69 186.53 (e/p,1.2,10) 185.50

430.95 430.95 430.95 430.95 - 430.95
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Table 5 continued

(n × m × r) (β, α)=(1.1,10) (λ(0), β, α) Best
e/p e1 e2 e3

3 −5.74 −5.74 −5.74 −5.74 - -5.74

−22.73 −22.73 −22.73 −22.73 - -22.73

64.45 64.45 64.45 64.45 - 64.45

4 483.31 483.31 483.31 483.31 - 483.31

623.76 623.76 597.92 597.92 - 597.92

467.29 467.29 467.29 467.29 - 467.29

5 −8.29 −8.29 −8.29 −8.29 - -8.29

489.55 489.55 489.55 489.55 - 489.55

−247.51 −247.51 −247.51 −247.51 - -247.51

In bold we indicate the cases when Algorithm 1 found the optimal value for the corresponding parameters.
The last column indicates the optimal value reported in Alves and Costa (2009). The column before last gives
parameters for which Algorithm 1 was able to compute an optimal solution (when it was not able to do so for
the parameters of the four preceding columns). The symbol FP indicates that the fixed point procedure was
used

5.3 Medium-scale problems: application to finding the nadir values

In this section, we apply Algorithm 1 to the problem of computing the nadir values
for medium-scale multi-objective linear optimization problems. The nadir point y =
(y1, . . . , yp) ∈ R

p of a multi-objective optimization problem is characterized by the
component-wise maximal values of each objective function over the efficient set: for
k = 1, . . . , p,

yk = max
x

fk(x) such that x ∈ XE .

This problem is in general very hard, as it requires solving p optimization problem over the
efficient set. Note that for the bi-objective case (p = 2), the nadir values can be efficiently
computed; see for example (Ehrgott 2005). Besides the algorithms optimizing over the effi-
cient set, many other approaches have been proposed to find the nadir point; see for example
(Wang et al. 2015) and the references therein. Computing nadir values is motivated by several
applications; see for example (Deb et al. 2010) and the references therein.

To evaluate the performance of Algorithm 1 in finding the true nadir values, we use all
the problems with three objectives used in (Alves and Costa 2009): for each size (n,m) =
(90, 30), (120, 40) and (150, 50), there are five different problems for a total of 15 test
problems hence 45 nadir values to be computed. Table 5 reports the numerical results. The
last column reports the optimal values reported in (Alves andCosta 2009). The second column
reports the value computed by Algorithm 1 with its default parameters. We observe that, in
28 out of the 45 cases, it computes an optimal solution. Moreover, in most cases, the value
is not far away from optimal, comparing the second and last column of Table 5. The third to
fifth columns report the values computed by Algorithm 1 for different initial λ(0), namely, e1,
e2 and e3. In 35 out of the 45 cases, these three initializations allow to compute the optimal
nadir value. The sixth column gives, for each problem, a set of parameters that allowed to
compute the optimal nadir values in the 10 cases where the default values of α and β did not
allow to compute these values. We observe that increasing the values of α and/or β allows
to compute these optimal nadir values in all cases.
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Finally, Algorithm 1 was able to find all optimal nadir values obtained in (Alves and
Costa 2009) for a good choice of the parameters. In practice, since we do not know the
optimal values, we recommend to run Algorithm 1 with different parameters, in particular,
λ(0) = e/p, e1, e2, e3, α = 10k for k = −1, 0, 1, 2, 3 and β = 1.1, 1.2, 1.5, 1.8.

6 Conclusion

In this paper, we have considered the problem of optimizing a convex function over the
properly efficient set of a convex nonlinear multi-objective problem. This class of problems
is very difficult to solve due mainly to the nonconvexity of the properly efficient set. We
have proposed a numerical method based on a penalty approach; see Algorithm 1. Although
the idea behind our algorithm is relatively simple, it is rather novel, updating the weight
vector λ using a modified efficiency test (12), and allows us to obtain optimal solutions in all
the tested cases from the literature: 12 small-scale problems coming from 8 different papers
and 45 larger-scale problems from Alves and Costa (2009) where the goal is to compute
the nadir point of 15 multi-objectives problems with three objectives. Although we have
only considered quadratic objective functions in the multi-objective optimization problem,
the method can be adapted when these objective functions are smooth and convex, so that
the first-order optimality KKT conditions can be written. A direction for further research
would be to design a meta-heuristic using Algorithm 1 in order to avoid local solutions and
automatically tune the values of the parameters.
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